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Lattice monoid

Let d > 2 and L C R? be a lattice of full rank, and let us write
R = {xeR?:x>0v1<i<d}

for the positive orthant of the Euclidean space RY and R;’O for its

interior. Define
LT = LNRY,,

then LT is an additive monoid in L.
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Our goal is to study the geometry of this monoid L.

There exist infinitely many bases for L contained in L.
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Positive basis

If X = {x1,...,x,} is a basis for L contained in L™, which we refer
to as a positive basis for L, we can write

X =(x1 ...x4q)

for the corresponding d x d positive basis matrix, so L = XZ9.
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If X = {x1,...,x,} is a basis for L contained in L™, which we refer
to as a positive basis for L, we can write

X =(x1 ...x4q)

for the corresponding d x d positive basis matrix, so L = XZ9.

Define a submonoid of LT
S(X) = {Z ajXj:ai,...,an € Z>0} = XZdZO,
i=1

as well as the positive cone spanned by X

n
C(X) = {Za,-x,- ©a1,...,4an € Rgo} = XRdzo-
i=1
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Gaps

Define the set of gaps of S(X) in L* to be G(X) := L™\ S(X).

Let X = {x1,...,xq4} be a positive basis for L, then

LT NC(X) = S(X), and so G(X) = LT\ C(X).

In particular, the set G(X) is infinite unless X is an orthogonal
basis, in which case LT = S(X).

From here on, assume that X is a positive non-orthogonal basis for
L. Since G(X) is infinite, we can define

G(X,t) ={ze G(X): Iz <t},

and ask for asymptotic behavior of |G(X, t)| as t — oo.



Counting gaps

Let L C RY be a lattice of full rank and X a positive basis for L.

Let By(t) be a ball of radius t > 0 centered at the origin in RY
and write wy for the volume of a unit ball in RY. Let

J(x) = VOle(CX) 1 B4(1))

)
Wd

be the measure of the solid angle of the cone C(X). As t — oo,
wg(1 — v(X)29)
G(X,t) =
6(X,1)] ( 29 det L

) td 1+ O(tL). (1)




Counting gaps

Let L C RY be a lattice of full rank and X a positive basis for L.
Let By(t) be a ball of radius t > 0 centered at the origin in RY
and write wy for the volume of a unit ball in RY. Let

J(X) = vO|d(c:();)dm Ba(1)).

be the measure of the solid angle of the cone C(X). As t — oo,

w — UV d
o0 )= (2O 05 o

Since C(X) C R‘éo, the solid angle v(X) < 1/29, so the constant
in the main term of (1) is positive.
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Successive minima

Let
4(L) = min {t € Rug: By(t) + L= Rd}
be the covering radius of L.

For t € Ry, let C4(t) = {x €RY:[x| < t}. We define three
different sets of successive minima with respect to the cube Cy(1).

® \i(L) =min{t € Ry : dimgspang (LN Cy(t)) > i}.
® \i(L1) :=min{t € Ryg : dimgspang (LT N Cy(t)) > i}.

® For a positive basis X of L,
Ai(LT,X) := min {t € Ry : dimg spang (G(X) N Cy(t)) > i}.

We obtain bounds on these successive minima in the spirit of Minkowski.



Minkowski-type inequalities
First recall the classical inequalities of Minkowski and Jarnik:

d

d
[L0 < dett, u(n) < 223 (1)
i=1
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Minkowski-type inequalities
First recall the classical inequalities of Minkowski and Jarnik:

d

d
[T < deet ut) < Y2 S (0

i=1 i=1

Let L C RY be a lattice of full rank. Then

A (L) <2u(L) +1, N(LT) <20(L) (L) +1) V2 <i<d.

Further, assume that no d — 1 elements of X lie in a coordinate
hyperplane, then \y(L™, X) <

d
+1> Z Xim — Xim

Xik
max max max d;
1<i<d 1<m<d 1<k<d | 3O T
J=1j#i

j=1.j#i Xk



Application to totally real number fields
Let K be a totally real number field, d = [K : Q)], and
01,...,04: K—R

be the embeddings of K. Let Ny be the field norm, Tryk trace and
Ay the discriminant of K. Let Ok be the ring of integers of K.



Application to totally real number fields
Let K be a totally real number field, d = [K : Q)], and
01,...,04: K—R

be the embeddings of K. Let Ny be the field norm, Tryk trace and
Ay the discriminant of K. Let Ok be the ring of integers of K.

An ideal | C Ok can be viewed as a Euclidean lattice of rank d with
respect to the symmetric bilinear form

<Oé,,8> TrK Otﬁ Zgl

Let IT ={a€l:0i(a) >0V 1<i<d}, and let ZT = ZNO}.
Then [ has a Z-basis contained in /. Let 3 ={f1,...,084} C IT
be such a Z-basis for I, which we call a positive basis.
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The basis 3 cannot be orthogonal, hence G(3) is infinite.



Application to totally real number fields

Let .,
5(8) = {Zc,ﬂ; ey, Cd € Z*} It
i=1
be the corresponding sub-semigroup, and define the set of gaps of
S(B) in I to be
G(B) =17\ 5(B).

The basis 3 cannot be orthogonal, hence G(3) is infinite.
We write h for the absolute Weil height: for every a € K,

h)=T[ max{Llal,}*/*,

veM(K)

where M(K) = the set of all places of K, d, = [K, : Q,] is the local
degree of K at the place v € M(K). Notice that for each v | o,
d, = 1 since K is totally real.



Application to totally real number fields

Let I C Ok be an ideal. Then there exist Q-linearly independent
elements sy, ...,sq € | such that H,d:l h(si) < Nk(I)/|Ak|.
Further, there exist Q-linearly independent elements

a1,...,aq € 1T such that

d+1

f[h(oz,-) < <3d\/3>d (NK(I)\/M>
i—1

Let B =1{pB1,...,B4} C I be a positive basis for | and G(3) the
corresponding set of gaps. Foreach1 <i < d, let

Bl = Zle i Bj. Then there exist Q-linearly independent gaps
a1, ...,aq € G(B) such that

has) < (H(Bi/B)* +1) H(B)?, V1< i < d.
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