DIOPHANTINE AVOIDANCE AND SMALL-HEIGHT PRIMITIVE
ELEMENTS IN IDEALS OF NUMBER FIELDS

LENNY FUKSHANSKY AND SEHUN JEONG

ABSTRACT. Let K be a number field of degree d. Then every ideal I in the
ring of integers O contains infinitely many primitive elements, i.e. elements
of degree d. A bound on smallest height of such an element in I follows from
some recent developments in the direction of a 1998 conjecture of W. Ruppert.
We prove a very explicit bound like this in the case of quadratic fields. Further,
we consider primitive elements in an ideal outside of a finite union of other
ideals and prove a bound on the height of a smallest such element. Our main
tool is a result on points of small norm in a lattice outside of an algebraic
hypersurface and a finite union of sublattices of finite index, which we prove
by blending two previous Diophantine avoidance results. We also obtain an
avoidance result like this for lattice points in the positive orthant in R% and use
it to obtain a small-height totally positive primitive element in an ideal of a
totally real number field outside of a finite union of other ideals. Additionally,
we use our avoidance method to prove a bound on the Mahler measure of a
generating non-sparse polynomial for a given number field. Finally, we produce
a bound on the height of a smallest primitive generator for a principal ideal in
a quadratic number field.
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1. INTRODUCTION AND STATEMENT OF RESULTS

Diophantine avoidance has been studied by several authors in the recent years.
This term refers to effective results on existence of points of bounded size (measured
by norm or height, depending on the context) in a given algebraic set avoiding some
specified subsets. In particular, there is a variety of Siegel’s lemma-type results on
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small-size points in linear spaces and lattices with different avoidance conditions

(e.g., [6], [15], [7], [8], [, 1], [12], [14]).

Let E? be a d-dimensional Euclidean space, §2 C E? be a lattice of rank d > 2 and
determinant A, and Aq,...,As C Q be sublattices of finite indices D1,...,Ds > 2,
s >1,s0det A; = D;A for every 1 < i < s. Assume that

ag | Ja
=1

and let A = ﬂle A;. Then A is a sublattice of Q of index < D := D;---D,. For a
vector z € E?, let

|z| = max |z
1<i<d
be its sup-norm, and define
Co(T)={z€E: |z| <T}

be the cube of side-length 27" centered at the origin in E¢, T' > 0. For any full-rank
lattice L C E?, define the successive minima of L with respect to C4(1) to be

(1) Ai(L) =min {T > 0 : dimg spang (Cy(T)N L) > i},

for each 1 < i < d. A theorem of Henk and Thiel [I4, Theorem 1.2] guarantees
that there exists € Q\ [J;_; A; such that

2¢DA 1 s—1 MM
@ ol T Vol (Ca (D) (;Di_ 5 * D )

where Vol; stands for the d-dimensional measure on E?. This result was obtained
using a careful analysis and volume computations on the torus group R¢/A.

On the other hand, let P(z1,...,24) € Rlx1,...,24] be a nonzero polynomial
of degree m. Let Si,...,Sq be finite subsets of Z with |S;| > m + 1 for each
1 <i<dandlet vq,...,v4 be linearly independent vectors in our lattice 2. Then

Theorem 4.2 of [9] implies that there exist coefficients &; € S; for 1 < ¢ < d so that

d
(3) P (Z @-vi) # 0.
i=1

This observation follows easily from Alon’s Combinatorial Nullstellensatz [3]. The
first goal of the present paper is to bridge the two above-mentioned avoidance
results and prove the following theorem.

Theorem 1.1. Let the notation be as above. Then there exists
z e Q\ (U A1> ,
i=1

such that P(z) # 0 and
(4)

d(D(m +2) +2)DA 24 L1 s—1  AM(A)?
e WI = max{l’vo1d(cd(1)) (;Di_ D DA )}
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We prove Theorem [1.1]in Section 2 using (2)), (3) and Minkowski’s Successive Min-
ima Theorem.

We apply our Theorem in the context of algebraic number fields. Let K
be a number field of degree d := [K : Q] > 1. Let 0y,...,04 : K — C be the
embeddings of K, ordered so that the first r; of them are real and the remaining
2ry are conjugate pairs of complex embeddings so that o,,,; = &; for

d:m +27’2.

An element o € K is called primitive it K = Q(a). This is equivalent to the
condition that degg(a) = d, and hence there are infinitely many primitive elements
in K. A conjecture of Ruppert [I8] asserts that there exists a primitive element
a € K such that
h(a) < o(d)| Mg,

where h is the absolute Weil height, Ak is the discriminant of the number field
K, and ¢(d) is a constant depending only on the degree d; we review the height
machinery in Section [8] Ruppert himself proved this conjecture for quadratic num-
ber fields and for totally real fields of prime degree. There has been quite a bit
of later work on this conjecture; for instance, Vaaler and Widmer [21] proved the
conjecture for number fields with at least one real embedding. More generally, a
slightly weaker bound is obtained by Pazuki and Widmer in [I7, Lemma 7.1]:

h(a) < |Ag|7.

In fact, a more detailed result follows from Lemma 7.1 of [I7]. Let Ox C K be
the ring of integers of K and let I C Ok be an ideal in this ring. It is not difficult
to see that I contains infinitely many primitive elements, and a straight-forward
modification of the proof of Lemma 7.1 of [I7] (replacing Ok by I) produces a
primitive element o € I with

(5) h(a) < Nk (DA,

where Ny (I) = |Og /1] is the norm of the ideal I. To this end, we obtain a more
concrete result in the case of quadratic number fields.

Theorem 1.2. Let D be a squarefree integer and let K = Q(\/f)) be a quadratic
number field. Let I C Ok be an ideal with the canonical basis {a,b + g0}, as
described in , sob<a. Let

hmin(I) = min{h(a):a e I,K =Q(a)}.
If D # 1(mod 4), then

Vag < hmin(I) < g <2b+2|AK|> )

and additionally hwin(I) > g+/|Ak|/2 if D < 0.
If D = 1(mod 4), then

VG < huinD) < g (Qb“); 'AK'> ,

and additionally hwin(I) > g+/|Ak|/2 if D < 0.
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To compare the bounds of Theorem [1.2] to that of (5), notice that

_ [ Ng(I) if D # 1(mod4),
bg <ag = { jSl(K(I) if D = 1(mod4).

We review all the necessary notation and prove Theorem in Section [4

To generalize the above setting, our next result produces a small-height primitive
element in an ideal of a number field outside of a finite collection of other ideals.

Theorem 1.3. Let K be a number field of degree d > 2 and let I C Ok be an ideal
and Jy,...,Js C I be distinct ideals in Ok . Let J = Jy---Js. Then there exists an

=

element o € I\ \J;_; J; such that K = Q(«) and

d Ny (J)|Ag |2 ((d? — d + 4) Ng(J) + ANg (1))
ha) = ANg (D) %

2\ (= Ng(I) (s —1)Ng(I)  Ng(J)¢t
6 1, = — .
o " max{ () (Zi_l Ne() | Nx(l) T |Al
Notice that the bound of @ is very explicit in terms of the invariants of K and

norms of the ideals involved. To get a better grasp on its order of magnitude, it
may be helpful to rewrite in a less explicit form as

NK(J)CH-l
Nk (1)

We prove Theorem in Section [B] where our main tool is Theorem In Sec-
tion [6] we prove an analogous result for primitive totally positive elements in an
ideal of a totally real number field outside of a finite union of other ideals (Corol-
lary . This result follows as a consequence of a theorem we obtain on existence
of a small-norm positive point in a lattice avoiding a finite union of sublattices
of the same rank and an algebraic set (Theorem . This theorem is proved by
blending together the method of proof of Theorem with the results on small-
height lattice points in positive cones obtained in [I0]. We also use our avoidance
method in Section [7] to prove the existence of a monic polynomial f(z) € Z[z] with
bounded Mahler measure and all nonzero coeflicients so that a given number field
K is isomorphic to Q[z]/ (f(x)),

Finally, we turn to generators of ideals in number fields. It is well known that
every ideal I C Ok can be generated by two elements, and principal ideals corre-
spond to the identity element in the class group of K. If u € Ok is a generator for
a principal ideal I C Ok and € € O is a unit, then ey is another generator for I.
Dirichlet units theorem states that the rank of the unit group (’)IX( isr=ri+ras—1
(see, e.g., [20] for further details). In particular, Oy is infinite unless K is an
imaginary quadratic field. Hence, the same principal ideal I can have infinitely
many generators, and while the norm of all of them is the same (= Ng (7)), their
heights can be very different and arbitrarily large. Theorem 1.1 of [I] by Akhtari
and Vaaler then implies that there exists a generator yu for I such that

h(a) <LK,s

(7) h(p) < N (DY T biey)'?,
j=1
where €1, ...,&, are multiplicatively independent units in Q. In order to obtain

a bound on h(u) in terms of the invariants of I and K alone, we now need a
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result on existence of small-height multiplicatively independent units in Oj;. Such
a result has been obtained recently also by Akhtari and Vaaler in [2], but with a
bound on the product of logarithmic heights of the units in question. Hence, using
this bound in conjunction with @ would essentially require reversing arithmetic-
geometric mean inequality. On the other hand, we can obtain the following bound
on h(u) in the case of a quadratic number field using a different method.

Theorem 1.4. Let D be a squarefree integer and let K = Q(\/f)) be a quadratic
number field. Let I C Ok be a principal ideal with the canonical basis {a,b+ gd}.
Define

la] 20| \bz—Dl} ;
max R if D#1 (mod4
(8) H(I) := |ga\ g\2b+ |g\4b2+4b7D +g] — ( )
max § ==, = 4, 2ag 4 } if D=1 (mod4),

Then there exists a primitive element p € I such that I = (u) and
(a +b+ g\/|D|) (14H(D))* (D if D #1 (mod4)

h(p) < /Dl

(a + W) (14H(1)P#D  if D=1 (mod4),
We prove Theorem in Section (8] Our main tool is a result of Kornhauser [16] on
small-height zeros of integral binary quadratic equations with integer coefficients.
We are now ready to proceed.

2. AVOIDING SUBLATTICES AND ALGEBRAIC SETS

The goal of this section is to prove Theorem establishing an effective result
on existence of a point in a lattice avoiding a union of full-rank sublattices and an
algebraic hypersurface. Let the notation be as in the statement of the theorem.
Then Minkowski’s successive minima theorem (see, for instance, [13, Section 9.1,
Theorem 1]) implies that ngl Ai(A) < DA, and so

DA
9) Aa(A) < AT

since 0 < /\1(1\) < <Z /\d—l(A) < )\d(A)

Let vy,...,v4 € A be linearly independent vectors corresponding to these suc-
cessive minima, so |v;| = A;(A). Let @ € Q\ J;_, A; be a vector satisfying (2),
then there is a subset of d — 1 vectors among w1, ...,vy with which x is linearly
independent, assume these are vo, ..., vy, since they have larger norm. Notice that
for any integer k and any vector y € 2, Dky € A; for every 1 < i < s, and hence the
vector (Dk + 1)x & A; for every 1 < i < s. Therefore, for all integers k,no, ..., ng,
we have a collection of vectors

(10) (Dk + 1)z +ngvy + -+ ngva € 2\ | As.

i=1
Let [ ] denote the integer part function, and define the sets

S1={Dk+1:ke€Z,—[m/2]—1<k<[m/2]+1},
(11) Sy={j€Z:=[m/2] -1 <j<[m/2]+1},
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consisting of m + 1 integers each. Then implies that there exists a vector

EZ (61,52,...,5(1) €S1 X SQ X e X SQ
so that
d
P (&m + Zm) #0.

i=2
Let z = §1x+Zf=2 &;v; for this choice of §£. We now need to estimate its sup-norm.
Since

AM(A) = |v1] < A(A) = |va| < -+ < Aa(A) = [val,

we can put together and (@ to obtain

(o, ) (maxlal Aa(A))

1<i<d

d(D(m +2) +2)DA 24 L1 s—1  A(A)?
= 2X1 (A)d1 max{l’vo1d(cd(1)) <;m b " DA )}

This completes the proof.

IN

]

3. HEIGHTS AND ADDITIONAL NOTATION

In this section, we set up the notation needed for the proofs of our Theorems|1.2]
1.3land [1.4] Notice that the space Kgr := K ®g R can be viewed as a subspace of
p Q p

{(w,y) e R™ x (C2T2 Y Yroti = Yj V1 <j< ’I“Q} =R xC™ C (Cd,
where in the last containment each copy of R is identified with the real part of the

corresponding copy of C. Then Kp is a d-dimensional Euclidean space with the
bilinear form induced by the trace form on K:

(a,B) == Trx(aB) € R,
for every a, 8 € K, where Trg is the number field trace on K. We also define the
sup-norm on Kgr by
|| := max{|z1],...,|z4|},

for any « € Kpg, where |z;| stands for the usual absolute value of z; on C. Let
Yk = (01,...,04) : K < Kpg be the Minkowski embedding, then for any ideal
I C Ok the image X (1) is a lattice of full rank in Kg. We define the determinant
of a full-rank lattice to be the absolute value of the determinant of any basis matrix
for the lattice, then

(12) det(Sx (1) = Nx (D)|Ak['/2,
as follows, for instance, from Corollary 2.4 of [4].

Next we normalize absolute values and introduce the standard height function.
Let us write M (K) for the set of places of K. For each v € M(K) let d,, = [K,, : Q,]
be the local degree, then for each u € M(Q), Zv‘u d, = d. We select the absolute
values so that | |, extends the usual archimedean absolute value on Q when v | oo,
or the usual p-adic absolute value on Q when v t co. With this choice, the product
formula reads

I el =1,

veEM(K)
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for each nonzero o € K. We define the multiplicative Weil height on algebraic
vectors a = (aq,...,q,) € K™ as

dy
h(a) = H max{1,|a1|v,~~a|an|v}77
veEM(K)

for all n > 1. This height is absolute, meaning that it is the same when computed
over any number field K containing aq,...,a,: this is due to the normalizing
exponent 1/d in the definition. Hence we can compute height for points defined
over Q.

We also review a couple useful well-known properties of heights. The first can
be found, for instance, as Lemma 2.1 of [9].

Lemma 3.1. Let&,....6, €Qand x, ...,z E@n form,n > 1. Then

where 6 = (517 s 7§m)
Next is Lemma 4.1 of [I0]: while in that paper the lemma is stated for totally

real fields, its proof holds verbatim for any number field with our definition of
Minkowski embedding Y.
Lemma 3.2. For any o € Ok,

1 < h(a) < [Ex(a)],

where | | stands for the sup-norm on Kg, as above.

4. QUADRATIC FIELDS

In this section we review the additional necessary notation specific to Theo-
rem and prove this theorem. First notice that for any number field K and
o€ OK7

d

d
= [Tlos (@] =Ni(a)?.

al=

dy
v

h(a) = [] max{L, o} # > | [] o

v|oo v|oo

Now let D be a squarefree integer and K = Q(v/D) be a quadratic field. Let
I C Ok be an ideal. Then there exists a unique integral basis a, b+ g for I, called
the canonical basis, where

(13) 5= { ~VD if K =Q(VD), D # 1(mod 4)
, D=

VD if K = Q(v/D) 1(mod 4),
and a,b, g € Z>( such that
(14) b<a, glab, and ag | Ni(b-+go),

see Section 6.3 of [5] for further details. The embeddings 01,03 : K — C are given
by
o1(x +yVD) =z +yVD, oy(x +yVD) =z —yVD
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for each z+yvD € K, where D being positive or negative is determined by whether
K is a real or an imaginary quadratic field, respectively. The number field norm
on K is given by

Nk (z +yVD) = o1(z + yVD)os(z + yVD) = (x + y\/ﬁ) (ﬂc — y\/ﬁ) :

The discriminant of K is

A, _{ 4D #K=QWD),D
K71 Db itK=QWD),D
and the norm of the ideal I as above is

_foa if D # 1(mod4),
(16) Nic(1) = { ag/2 it D= 1(modd)

# 1(mod 4)

(15) 1(mod 4),

Observe that an ideal I as above can be written as I = gJ for the corresponding
ideal J = %I C Ok, since g | a,b. Hence we start by restricting our consideration

to ideals with g = 1. Then the bound of in the case of a quadratic field can be
written as

(17) VNg(a) < h(a) < av/|D|.

We will show that in this case the power on v/D cannot in general be reduced. First
observe that an element a € I is primitive if and only if it is of the form

a=zxa+yb+9)
with z,y € Z and y # 0.

Case 1: Suppose D € Z is squarefree, D # 1 (mod4) and K = Q(\/E) Then
K is a real quadratic if D > 0 and K is an imaginary quadratic if D < 0. Take an
ideal

I = spang{a,b—VD} C Ok
with a | Ng (b — VD) = |b*> — D|. Then

Ng(a) = ‘(xa—i—y(b—\/ﬁ)) (ma—i—y(b—i-\/ﬁ))’

(18) = |2%a® + 2zyab + y* (b — D)| =a

b2 - D
x2a+2xyb+y2< )‘>a7
a

where (b® — D)/a € Z. Further,
(19) Ng (@) = |2%a® + 2zyab + y*(b° — D)| = |(za + yb)* — y>D| > | D,
if D < 0. On the other hand,

2

ha)= [] max{1,|al,}¥ =[] max{1,]al,} ¥ = | [] max{1, |oi(e)]}
vEM(K) v|oo j=1
< 3 max{1, o1(a)]} + max{1,]ox(0)]) < 3 (2 max{lor(0)], loa(a)]})

)

max{|o1 ()|, |o2(a)|} = max{‘(xa +yb) —yvVD
jzla + [ylb + |yl /D]

(ra + yb) + y\/ﬁ‘}
(20)

IN
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Taking the minimum over all primitive elements o € I, we see that
min{h(a):a € I, K = Q(a)} < min{|z|a + |y|b+ |y|\/|D| : z,y € Z,y # 0}
(21) <b++/|D|,

where the last inequality is obtained by taking x = 0, y = 1. Putting together ,
(18), and (21]), we obtain the D # 1(mod4) case of Theorem [1.2]in case g = 1.

Case 2: Suppose D € Z is squarefree, D = 1 (mod4) and K = Q(v/D). Again,
K is a real quadratic if D > 0 and K is an imaginary quadratic if D < 0. Take an

ideal
1-+vD
1 = spany, {a,b+ ;ﬁ} C Ok
with o | Ny (Q2Y=YD) — [GPL=DI _ |p2 4 — P21 Then
1—-—+vD 1 D
Ng(a) = <xa+y<b+ 2\/>>> (xa+y<b+ +2f>>|
D-1
= |2%a® + (2b + Dazy + v* <b2 +b— 4> ‘
y? D-1
(22) = a:va+(2b+1)xy+ <b2+b 4)‘>a,
where 1 (b2 +b— ) € Z. Further,

(23) Ng (o) = |x a® + (20 + 1)azy + y*(b> + b+ 1/4) — y*>D/4| > |D|/4,

if D < 0. On the other hand,
h(a) < max{|o1 ()], |o2(a)[}
1 D
s |lra+y <b+ +2\F> ’}

:max{ xa+y<b+l_2\/ﬁ>

(20+1) D
(24) <Jola-+ LD | WIVID]
Taking the minimum over all primitive elements a € I, we see that
2b+1 D
(25) min{h(a) : a € I, K = Q(a)} < %

where the inequality is obtained by taking x = 0, y = 1. Putting together ,
, and , we obtain the D = 1(mod 4) case of Theoremin case g = 1.

Proof of Theorem[I.3. Let I be an ideal with the canonical basis {a,b + gd} and
J = é[. Then for any « € J and the corresponding ga € I,

1
2 2 2

(26)  h(ga) Hmax{l loi(ga)l} | <g HmaX{l,lai(a)l} = gh(a).
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Further, Ng(I) = gNg(J). Take o € J be a primitive element of bounded height
as obtained above in Cases 1 and 2, then ga € [ is also a primitive element and
the result follows. O

5. PRIMITIVE ELEMENTS WITH AVOIDANCE CONDITIONS

The goal of this section is to prove Theorem Our main tool is Theorem
so we will set things up to apply it. First recall that a union of ideals (JI_; Jj is
an ideal if and only if all of Jy,...,Js are contained in one of them. Since they
are all properly contained in I, we conclude that I # Ule J;, and so there exists
a €I\ U], Ji. Let us then define lattices

Q= ZK(I), Ai = EK(Jl> V1 S ) S S, A= ZK(J)
in the Euclidean space Kg. Let

(27) P(zy,...,xq) = H (i — ;) € Z[zy, ..., z4],
1<i<j<d

and notice that an element o € K is primitive if and only if P(Xx(a)) # 0.
Indeed, an element o € K is primitive if and only if all of its algebraic conjugates
o1(a),...,o4(a) are distinct, but these are precisely the coordinates of the vector
Yk(a) in Kg. Degree of this polynomial P is m = (g), and so Theorem [1.1
guarantees the existence of a point z € Q\ (UU;_; A;) such that P(z) # 0 and (4)
is satisfied. Let a € I be such that z = Y («a). We now want to rewrite the
inequality in terms of the invariants of the ideals and the number field K and
use it to estimate h(«).

Since D; and D are indices of A; and A, respectively, in €, we have
o det A; Ny (J;) D det A Ny (J)
‘T detQ  Ng(I)' T detQ  Ng(I)’

by ([2)), and A = det Q = N (I)|Ag|'/2. Now, the “cube”
Cy(l)={x e Kg :|z| <1}

is the Cartesian product of 7y intervals [—1,1] and rs circles of radius 1. Hence,
C4(1) is a convex O-symmetric set with d-dimensional volume

Volg(Cy(1)) = 2" 7.
Finally, notice that

1/d
1 = min H|B|v : e Ok
v|oco
< win{ max los (9] € 7\ {0} = M (4) < Nk (),

since Nk (J) € J N Zso, and so |0;(Ng(J))| = Ng(J) for every 1 < j < d. Putting
all of the above observations together with Lemma we obtain @ This com-
pletes the proof of Theorem
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6. POSITIVE POINTS WITH AVOIDANCE CONDITIONS

In this section, we let our Euclidean space E? to be just RZ. We consider “small”
positive points in a lattice outside of a union of sublattices, at which a given poly-
nomial does not vanish. Specifically, we prove the following theorem.

Theorem 6.1. Let Q C R be a lattice of full rank and determinant A, Ay, ..., Ay C
Q its sublattices with indices [Q : N;] = D; for each 1 < i < s, and A = (;_; A
be a sublattice of Q of index D < Dy---Ds. Assume that Q@ € |J;_, Ai. Let
P(z1,...,xq4) € Rlz1,...,24] be a polynomial of degree m. Then there exists a
point z € Q\ U_; A; so that

P(2)#0, >0V 1<i<d,

and

u s—1 )\1 d
|z| <D(m+2)(,u(A)+1)< <Z— ) Z )

where A\;(A) are the successive minima of A with respect to the cube Cy(1) as defined

n and

p(A) =min {T € Rog : By(T) + A =R%}
is the covering radius of A with respect to the unit ball By(1).
Proof. Let us write

t={xecQ:z; >0V 1<j<d},
then AT C QF. The restricted successive minima of A*, defined as
Ai(A1) :==min {T € Ry : dimpg spang (AT N Cy(T)) > i},

were studied in [I0]. Theorem 1.2 of [I0] established that
(28) M (AT) <2u(A) +1, N(AT) <2X(A)(p(A) +1) V2 <i<d.

By Lemmas 3.1 and 3.2 of [I0], there exist linearly independent vectors vy, ...,vq €
AT such that

o) < NAT)V1<i<d, andwvy; >1V1<j<d.
Define the vectors u; = v1 and u; = v; + vy for every 2 < i < d, then
Up,...,ug € AT and u;; > 1V 1<4,5,<d.
Further, |ui| < 2u(A) + 1 and for every 2 < i < d,
(29) ui| < il + [v1] < 2(N(A) + 1)(p(A) +1) —

Let € Q\J;_; A; be as in (2). As in our argument in Section [2] there must exist
a subset of d — 1 vectors among w1, ...,uy with which @ is linearly independent,
assume these are us, ..., uq, since they have larger norm. Notice that the vector

yi=x+|zju, € QT
since its coordinates are of the form
Y; = X4 + |CC|U1¢ Z 0.

On the other hand, y ¢ |J;_, A;, since @ is not contained in any A; while u; is
contained in each of them. Additionally,

(30) Yyl < l|(1 + fur) < 2J@|(u(A) +1).
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Let P(xy,...,2q4) € Rlz1,...,24] be a polynomial of degree m > 1. We now argue
as in Section |2l Let the sets S; and Sy be as in , then implies that there

exists a vector

E=(&,8&,...,8q) € S1 xSy x -+ xS
so that
d
Vi <§1y+Z§iui> # 0.
i=2

Let z =&y + ZLQ &u; € QT \ U, A; for this choice of &, then by and (30),
we have

d d
|2 < [¢] (Iy + Iui|> < D(m +2)(u(A) +1) (ﬂ?l +Z/\i(A)> :

=2

Combining this last observation with (2 and taking into account that Voly(Cy(1))
2¢ finishes the proof of the theorem.

Ol

We can now apply this theorem to the number field situation. Let K be a totally
real number field of degree d and discriminant Ag with embeddings

01,09 K =R,

which define the Minkowski embedding Y = (01,...,04) : K < R9. Let I C Ok
be an ideal and write It for the additive semigroup of totally positive elements in
I, ie.

IT={ael:0i(a)>0V1<i<d}.
Same as in Section [f] let Ji,...,Js be distinct ideals properly contained in I and
let J=J;---Js. Let
be lattices in R?. Let

P(zq,...,xq) = H (i — ;) € Z[zq,. .., z4],
1<i<j<d

so an element « € K is primitive if and only if P(Xk(«)) # 0. Notice that
Y(It) = Xg(I)T = QF. Now, Lemmas 4.1 and 4.2 of [I0] combined guarantee
the existence of Q-linearly independent elements a1, ...,aq € J such that

d

d d
(31) S ) <3 ha)t < d][ et <d (NK(J)\/|AK|)d
=1

i=1 i=1
Further, Lemmas 4.2 of [I0] asserts that the covering radius of A satisfies the

inequality

) u() < TNk () VI

Putting these observations together with Theorem [6.1] and expressing indices and
determinants as in Section [5] we obtain the following corollary.
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Corollary 6.2. There exists a primitive totally positive element o € I'\|J:_, J; so
that

< () +2) (B nuy T ) BB

Ng (1)

°. Ng(I) (s—1)Ng(I) Ng(J)4t i
- (;NK(Ji)_ Ne() VAR +d(NK(J)\/M> )

7. NON-SPARSE POLYNOMIALS WITH BOUNDED MAHLER MEASURE

Let K be a number field of degree d, then guarantees that there exists a
primitive element o € Of with h(a) < |Ag|4. Let
d—1

falz) = 2%+ Zakxk € Zlx]

k=0

be the minimal polynomial of @. Then f,(z) is a monic irreducible polynomial
with integer coefficients and K = Q[z]/ (fo(x)). Let o1,...,04 be the embeddings
of K, as usual, ordered in such a way that o1(«) = . Then

Oék:Jk(Oél)7 Vlﬁkgd

are all the roots of f,(x) with a3 = a. Since f,(z) is monic, all of these roots are
algebraic integers. The Mahler measure of f,(x) is given by

d
M(fa) = T] max{1, ax[} = h(e)? < |AK].
k=1

Hence the result of Pazuki and Widmer that we quoted in Section [I] can be refor-
mulated to say that there exists a monic irreducible polynomial f(x) € Z[x] such
that K = Qlz]/ (f(x)) and M(f) < |Ak|. We can use our Diophantine avoidance
method to obtain a similar result with additional non-vanishing conditions.

Theorem 7.1. Given a number field K of degree d, there exists a monic irreducible
polynomial f(x) € Z[x] with all nonzero coefficients such that K = Q[z]/ (f(x)) and

M(f) < {(i) (d(d2—2d+2)> AKll/Q}d-

Proof. Our argument here is similar to the proof of Theorem Let the lattice
Q = Yk (Ok) in EY = Kg be the image of O under the Minkowski embedding.
For 1 <k <d, let ex(x1,...,zq) be the elementary symmetric polynomial of degree
k. Let a € Ok and o := Yk (a) = (aq,...,aq) € Q. Then « is a primitive element
in K if and only if its minimal polynomial is of the form

d
fa(z) = 2% + Z ex(ar,. .., aq)z?",
k=1
which is equivalent to the condition that K = Q[z]/ (fa(x)). Let

d—1
Q(z1,...,xq) = P(ay,...,24q) H er(x1, ..., 2q),
k=1
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where P(z1,...,24) is as in , then
d—1

degQ =deg P+ Y k=d(d—1).
k=1

Notice then that « is primitive and f,(z) has all nonzero coefficients if and only if
Q(a) # 0. Hence, we want to find a € €2 such that Q(a) # 0 and |a| bounded.
Let

V1,...,0q €K
be vectors corresponding to the successive minima of 2 with respect to the cube
Cy(1) C Kg. Then Volg(Cy(1)) = 27772 and det Q = |Ag|'/?, and so Minkowski’s
successive minima theorem implies that

2d|AK|1/2 4\ "2 L
Q) < <(=) |Ag|/?
) M) < Sty < () 180

since

A1(©2) = min {1r£1kaécd|ak(a)| ta € OK} =1.

Let S = {— {@} —-1,..., [@} + 1}, and for each vector &€ € S¢ define

d
a(§) =) &y
k=1

Then Theorem 4.2 of [9] implies that there exists & € S? such that

P(a(g)) # 0.

Let a € Ok be such that a(€) = Yk (a) for this choice of £&. Then Lemma
together with implies that

bie) < (@) < (A4 4 1) e < (j) (‘W) Akl

follows. U

If f(x) is the minimal polynomial of this a, then M(f) < h(a)?¢, and the result

8. SMALL-HEIGHT IDEAL GENERATORS

In this section, we prove Theorem As in Section [d] we consider a quadratic
number field K = Q(v/D) for squarefree integer D, and let I € Ok be an ideal
with the canonical basis a,b + gd. Suppose I = (u) is a principal ideal, then
Ng(p) = Ng(I). Also recall that we are defining the quantity H(I), the “height”
of the ideal I as in .

Case 1. Assume D # 1 (mod4), then Ng () = Ng(I) = ag. On the other hand,
p=az+(b—gVD)y = (az + by) — ygV'D,
for some integers x,y such that y # 0, and thus
ag = Ng () = (az + by)? — Dgy® = a®z* + 2abxy + (b* — Dg)y>.
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This implies that the quadratic equation with integer coefficients

a 2% b2 —D
(34) fr(z,y) = —2® + =ay + (g> y =1
g g ag

has a solution in integers x,y. Define

2
|f1|::max{1 lal 12b] [b
9’

v}

to be the maximum of absolute values of the coefficients of f;. Then a theorem
of Kornhauser [I6, Theorem 1] guarantees that has an integer solution (z,y)
with

(35) max{|z|, [y[} < (14]f1])°V1].

Now, using inequalities analogous to and applying yields the inequality

(36)  hlw) < lala+|ylb+Iylgv/ID] < (a+b-+9V/IDT) (141f21)* .

Case 2. Assume D =1 (mod4), then Ni (1) = Ng(I) = %2. On the other hand,

=t (140 (152) o= () o (257)

for some integers x,y such that y # 0, and thus

2 = Ng(p) = (a$+by+

yg) Qyz
2

2 4
22 2 D—1 2
= a’z°+a2b+g)zy+ (b —i—bg—Tg y°.

This implies that the quadratic equation with integer coefficients

2 2(2b 4% +4b— D
a2 ( +g)xy+< + 9+9>y2:1

BT filey) = o

has a solution in integers z,y. Define

1| = max { |2a] 2|2b+g| [4b> +4b— Dg + ¢|
g’ g 2ag

} H(I)

to be the maximum of absolute values of the coefficients of f;. Now, using inequal-
ities analogous to and applying yields the inequality

(38) h(y) < [z]a+ Y ZH9) | |y|92V 1Dl <a 2“9*9\/@) (14 ])>M1,

2

The theorem now follows upon combining and . Notice that the element
1 we produced here is primitive since y # 0 in both cases.
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