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ABSTRACT. Given a permutation 7 on n letters, we consider lattices spanned
by an orbit of one vector & in R™ under the action of 7 by permutation of
the coordinates. Such lattices generalize the important class of cyclic lat-
tices and have previously been studied in [3], where a bound on their rank
was established. We prove a sufficient condition on « for this bound to be
achieved. We further investigate the structure of such permutation-invariant
lattices, proving that they are glued by the permuted vector from the orthog-
onal cyclic blocks and giving a determinant formula for the lattice in terms
of determinants of these blocks and the norm of the permuted vector. In the
case x is an integer vector, these blocks are sublattices of the root lattices Ay
in respective dimensions with root lattices themselves and their glued direct
sums also realizable by this construction. We also exhibit a glued construction
of permutation-invariant algebraic integral lattices from collections of cyclic
number fields. Finally, we prove a strengthened version of a previous result
of [ on a related construction of well-rounded lattices spanned by sets of
algebraic conjugates.

1. INTRODUCTION

Let n > 2 and write S,, for the permutation group on n letters. This group
acts on R™ by permutation of the coordinates. Taking the standard representation
of S, in GL,(Z) via permutation matrices, we can also view this action as left
multiplication. Fix an element 7 € S,,, then for each € R™ we write 7(x) for the
image of x under the action by 7. A lattice L C R™ (i.e., a discrete subgroup) is
called 7-invariant if 7(L) = L, which is equivalent to saying that 7 is in Aut(L),
the automorphism group of L, defined as

Aut(L) = {U € GL,(Z) : (Uz)' (Uy) ==y, Va,ye L}.

We refer to all such lattices as permutation-invariant; they generalize the class of
cyclic lattices, which are the 7-invariant lattices for 7 = (1 ... n). Cyclic lattices
were introduced by D. Micciancio in the context of lattice cryptography [7], [8] and
then studied by many other authors. Permutation-invariant lattices were studied
in [3] with a special focus on lattices of the form

L (z) =spany {7"(z): 0 < k < |7] — 1},

where £ € R™ and |7] is the order of the element 7 in the group S,. We will call
such lattices simple T-invariant, generated by permutations of & under 7; this is a
generalization of the simple cyclic lattices that were studied in [5]. Simple cyclic
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and, more generally, simple permutation-invariant lattices are especially useful for
cryptographic applications due to their very compact description as orbits of just
one vector under a given permutation. A just-announced breakthrough result by D.
Wan [12] asserts that the Shortest Vector Problem (SVP) is NP-hard on cyclic (and
hence, on permutation-invariant) lattices, establishing them as excellent candidates
for secure crypto-scheme design. Further, cyclic lattices are naturally analogous to
cyclic codes construction in coding theory (see, e.g. Chapters 7-8 of [0]); similarly,
permutation-invariant lattices are analogous to the more recently introduced class
of generalized quasi-cyclic codes (see, e.g, [I0]). The goal of this paper is to study
the structure of simple permutation-invariant lattices.

For each & € R", the lattice L,.(x) is T-invariant by construction, however its
rank can vary. Define

or =max {tk L. () : « € R"},

then Lemma 2.1 of [3] asserts that o, < n — ¢+ 1, where ¢ is the number of cycles
in a disjoint cycle decomposition of 7; the bound is achieved if these cycles have
pairwise relatively prime lengths. The first question we want to address is for which
vectors € R™ is rk L. () = 0,7

Let 7 = ¢; - - - ¢¢ be the disjoint cycle decomposition for 7 with k; = |c¢;| for each
1 < j </, ordered so that k1 < --- < kp. Then Ze

j=1k; = n, and for a vector
x € R" we write

Ty Cl(wl)
T = , so T(x) = : ,
T ce(xe)
where each block x; = (z;1,. .. ,gcj;cj)—r € R¥i. For each 1 < j < ¢, define

d(x;) = dimg spang{z;1, ..., %k, },

and analogously for any vector with real coordinates. With this notation, we can
state our first observation.

Proposition 1.1. If d(x;) > k; for each 1 < j < ¢, then vk L. (x) = o,.

We prove Proposition [I.J] in Section 2] The hypothesis of this proposition is a
sufficient condition for rk L. (x) to be equal to o,, however it is not necessary. In
fact, some of the constructions of such lattices we show in Section [3| do not satisfy
this condition. Our main result describes the structure of simple permutation-
invariant lattices.

Theorem 1.2. Let 2 < k) < --- < kg be pairwise relatively prime integers, n =
Zle ki, and T = ¢1...¢cg € Sy, where c1,...,cp are disjoint cycles of lengths
k1,..., ke, respectively. Let © € R™ be a vector such that tk L.(x) = n — ¢+ 1.
Then

14
(1) LT(:L.) :Spa‘nZ {-’B,@M7},

i=1

where each of the mutually orthogonal blocks M; is a cyclic lattice in the cor-
responding space R¥ embedded as the respective coordinate subspace of R™ and
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T ¢ @le M;. Further, vk M; = k; — 1 for each 1 < i < £ and

ki
Mz'Cl,i; = zERki:sz:()

Jj=1

Conversely, given a collection of simple cyclic lattices M; C 13, 1 < i < £ with
rk M; = k; — 1, there exist infinitely many vectors x € R™ for which holds so
that « ¢ @le M; and vk L, (x) =n— £+ 1.

We refer to L. (x) as the lattice glued from the blocks M; with the glue vector x (see
Section 4.3 of [I] for the details of gluing theory). Hence, the T-permutation orbit
of the glue vector x results in the glued lattice construction. We prove Theorem
in Section [3] where we also describe in details the construction of the blocks M;
from the glue vector . Further, we give a formula for the determinant of L, (x) in
terms of the determinants of the blocks and norm of x as well as briefly discuss the
successive minima of L, (x) in Remark In the case when x € Z", these blocks
lie in the root lattices

ki
Ap,—1 = ZGZ’“:ZZ]-:O ,
j=1

which are generated by the roots, i.e., vectors of squared Euclidean norm 2. We
demonstrate a specific example of a glue vector resulting in the blocks being equal
to Ag,—1, in which case the determinant and successive minima are particularly
easy to compute.

On the other hand, we can produce infinite families of simple permutation-
invariant lattices satisfying the condition of Proposition A lattice is called
integral if the inner product of any two vectors in it is in Z; a lattice is called alge-
braic if it is the image of a free Z-module in a number field under the Minkowski
embedding of this number field into a Euclidean space with the trace-induced Eu-
clidean norm. In Section {4 we review the necessary number field notation and
describe infinite families of integral simple permutation-invariant algebraic lattices
satisfying the hypothesis of Proposition [1.1} They are also glued together from
cyclic algebraic orthogonal blocks, as described in Theorem Finally, in the
Appendix (Section [5)) we revisit the related construction of lattices spanned by full
sets of algebraic conjugates, considered in [4] and prove a strengthening of the main
result of [4]. We are now ready to proceed.

2. PERMUTING VECTORS WITH LINEARLY INDEPENDENT COORDINATES

In this section, we prove Proposition Let m = o, and suppose that rk L (x)

is smaller than m, then there exist integer coefficients ag, . .., am,—1 such that
m—1
Z apT*(x) = 0,
k=0

meaning that

(2) arct(z;) =0, V1<j</
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Grouping together terms with the same coordinate x;; foreach1 < j < /¢,1 <i < k;
in each equation of this linear system, we obtain a system of equations in x;; with
coeflicients being sums of a’s. Namely,
QoTj1 + QT2 + 0+ Qr; 1Tk = 0,
where ¢, = thr(mod k) Gt for each 0 < r < k; — 1. For example, if £ = 2, k; = 2,
ko = 3, our system becomes:
(ao + az)r11 + (a1 +az)zi2 = 0, (a1 + az)r11 + (ao + az2)r12 = 0,
(ao + az)ra1 + a1waz + azxe3 = 0,a1221 + azw2 + (ag + az)raz = 0,
az21 + (ao + az)rez + a1z = 0.
Since d(x;) > k; for each 1 < j < ¢, we must have all the coefficients (which are

sums of aj’s independent of x;;’s) in this system equal to 0. For instance, in the
example above, it amounts to

ap+as =0, ag+a3=0, ap+a3 =0, ag =0, as =0.

This means that there exist integer coefficients ag, . . ., a,;,—1, not all zero, such that
the corresponding linear system is identically zero for any choice of @ € R™. This
means that

max {rk L. (x) : x € R"} <m,
contradicting the definition of o,. Hence, we must have rk L, (x) = o, for each
x=(x1,...,@0)  €RF x ... x RM

with d(:l:j) Z k‘j.

3. GLUING CONSTRUCTION

In this section we describe the structure of simple permutation-invariant lattices
in R™, proving Theorem Let 1 =c¢1---¢cp € S, with k; = |¢;] for each 1 < ¢ </
and ged(k;, k;) =1 for ¢ # j. Let

x = (x,... ,azg)T € R" with each z; € R¥
be such that rk L, (x) = o,. Since the cycle lengths are relatively prime, the Chinese
Remainder Theorem implies that for each 1 < ¢ < ¢ and 1 < t(¢) < k; — 1 there
exists a power 0 < my;y < ki---k; = |7| such that c;.n““) = 0?7 for all j # i
and ¢; " = cz(i). This means that the vectors & and 7™ () will have different
coordinates only in the i-th block. Then define

(3) Ziy = & — 7O () = (0, ...,0,x; — cz(i)(sci), 0,..., 0) € L.(x).

Notice that the coordinates of each x; — cz(i) (z;) (and hence, the coordinates of
zit(i)) add up to 0. In particular, this means that for x € Z", each 2z ;) € Ag, 1,
the corresponding root lattice. All the vectors z;(;) are linearly independent and

there are a total of Zle(kzi — 1) = n — £ of them. Further,
L:(x) = spang{@,z;):1<i<l 1<t(i) <k —1}
= spany {x,M;:1<i</{},
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where M; = spany, {z;;) : 1 < (i) < k; — 1} for each 1 < i < ¢ is invariant under
the cyclic permutation ¢;, and the blocks M;, M; are mutually orthogonal for all
1 # j. Thus

(4) L. (x) = spany, {w, MZ} .
=1

1=

In particular, if & € Z", then

¢
L.(x) C spany, {:c, @Akil} .

i=1

In the reverse direction, suppose that for each 1 < ¢ < ¢, M; C 1il C R¥ is
a cyclic lattice of rank k; — 1 and let z;1,...,2x,—1) be a basis for M;. Let us
construct a vector & € R™ so that holds. Take any real numbers ag, . .., oy, and
for each 1 < i < ¢, define the i-th block of & to be

T

J
mi:<ai704i+zi27~-~704i+5 Zil7~-~704i_zi1> )
=1

and let © = (z1,...,2¢) " . Using Chinese Remainder Theorem same way as above,
we obtain vectors (0,. .., 2;,...,0) for each 1 < i < { as difference vectors of x and
its permutations by appropriate powers of 7. This gives .

Remark 3.1. One advantage of this family of simple permutation invariant lattices
L, (x) is that some of their geometric invariants can be easy to compute. Recall that
the determinant of L,(x) is the volume of its fundamental domain, which is equal
to the absolute value of the determinant of any basis matrix, and the successive
minima 0 < Ay < --- < Ay_gy1 of L (x) are defined as

A = min {t € Ry : dimpg spang (By,—¢+1(¢) N L. (x)) > i},

where B,,_¢41(t) is a ball of radius ¢ centered at the origin in R"*+!. Then
determinant of L. (x) can be computed as the product of determinants of the cyclic
orthogonal blocks times the norm of the projection of @ in the direction orthogonal
to the hyperplane V' spanned by all those blocks, i.e.,

4
(5) det L, () = (H det MZ-) ||| sin 6,

i=1

where 6 is the angle @ makes with V. Further, if § € [r/3,7/2] (a sufficient,
not necessary condition), then the successive minima of L. (x) are the successive
minima of the orthogonal blocks and ||x||.

Let us consider a particular example. Let
T
T = (e%,...,e{) ez,

where e} is the first standard basis vector in R¥:. Then the difference vector Zit(s)
as in has first coordinate in the i-th block equal to 1, ¢(7)-th coordinate in the
i-th block equal to —1 and the rest of the coordinates equal to 0. For each 1 <i < ¢,
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the collection of i-th blocks of vectors z;,(;) spans the root lattice Ag, 1 with 2y,
being the spanning roots, and so

¢
(6) L.(x) = spany, {ac, @ Aki—l}
i=1

is glued from the root lattice blocks by the glue vector . The situation is special
when ¢ = 2. In this case, the glue vector « is also a root, as it has two coordinates
equal to 1 and the rest equal to 0. Thus, the resulting lattice generated by n—1 roots
is L;(x) = A,,—1. Notice, in particular, that this last statement is independent of
the lengths of the cycles ¢; and ¢o. Hence, in the case £ = 2, the geometric properties
of L,(x) are well-understood. In the case £ > 2, we can apply to obtain

1/2

¢ £ 1/2 ¢ ¢
detLT(:B)Z{( kl>x<zkz>} =V » ;

i=1 \j=1.j#i

since determinant of each block A, is v/k; and the norm of the projection of
x in the direction orthogonal to the hyperplane V' spanned by all those blocks is

given by 1/2521 L. The first n — £ successive minima of L,(x) in this case are
equal to v/2, successive minima of the orthogonal blocks Ay, _;, while the last one

is V7 = [,

4. GLUING ALGEBRAIC INTEGRAL LATTICES

In this section, we use the gluing construction of Section [3]in the specific context
of lattices coming from number fields, exhibiting a construction of algebraic integral
permutation-invariant glued lattices. We start with some notation. Let f(z) € Z[z]
be an irreducible monic polynomial of degree n so that its Galois group G(f) =
(¢) < S, is cyclic and ¢ = (1 ... n) is the standard generating n-cycle. Let
at,...,a, € Q be the roots of f(z) ordered so that a; = ¢ ~1(ay) for 1 < j < n.
Then K(f) = Q[z]/(f(z)) is an extension of Q of degree n, thus it is the splitting
field of f(x). Let o1,...,0, : K(f) — C be the embeddings of K(f) with r; of
them real and 2r; complex, coming in conjugate pairs, i.e., n = r1 + 2r;. We
identify the roots of f(x) with the images of a; under these embeddings, i.e.,
aj = d Y ay) = 0j(a1) as a complex number, for all 1 < j < n. The Minkowski
embedding

EK(f) = (0'1, . ,Cfn) : K(f) — C"
takes K (f) into the space K(f)r := K(f)®qR, which can be viewed as a subspace
of
{(,y) ER™ xC?? 1y =9; V1< j<r} 2R xC™ CC,
where in the last containment each copy of R is identified with the real part of
the corresponding copy of C. This is a Euclidean space where the Euclidean inner
product is induced by the number field trace in the sense that

(Sr(n(B): Trin() = Trep(B7) =D I (87) € Q,
j=1

for all 8,7 € K(f). In particular, (Sx s (8), Sk (5 (7)) € Z for all B, € Ok (y).
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We write
a=(ay,...,a,) € K(f)r
for the image of a; under X () and let the n-cycle ¢ act on o by permutation of
the coordinates. Notice that, due to the ordering of the conjugates of oy we chose,

<a,cj71(a)> = TI‘K(f) (quj) €7,
for all 1 < 57 < n. This implies that the inner product of any two integer linear
combinations of vectors ¢/~1(a), 1 < j < n is integral. Thus, we have an integral
algebraic lattice ¥ g (M), where My = spang{ai,...,a,} C K is a free Z-module
spanned by the roots of f(x) in K. This observation suggests the following con-

struction.
Let 7 € S, be a permutation, given by the disjoint cycle decomposition

T=2C...Cy,

where each ¢; is a k;-cycle, so that Zle k; = n, and ged(k;, kj) = 1 for all ¢ # j.
For each 1 < i </, let f;(x) € Z[x] be an irreducible monic polynomial of degree
k; such that G(f;) = (¢;) and its roots ay,...,a;, are Q-linearly independent.
Notice that for every k; > 2 there exist infinitely such polynomials. Write a; =
(CTIP ~,C¥iki)T € K(fi)r, and let

z=(a1,...,00) € K(f1)r X -+ x K(fo)r.

Since x satisfies the hypothesis of Proposition the lattice L, (x) has rank o, =
n — ¢+ 1 in the n-dimensional space Euclidean space K(f1)r X -+ X K(f¢)r, it is
integral and consists of orthogonal cyclic blocks glued by the vector «, as described
in Theorem [[.21

Let us consider an example of this algebraic lattice construction. Let 7 =
(12)(3 45) and take

fil@) =2 +x -1, fo(z) =2 — 32— 1.

Both of these polynomials have cyclic Galois groups of orders 2 and 3, respectively,
and the roots of these polynomials are

-1+5 -1-v5
:T’ alQZTv

2 4
g1 = 2COS (g) , Qigo = —2C08 (g) , Qig3 = —2cCo8 <97r> ,

respectively. Taking the glue vector

T = _1+\/5,_1_\/3,2cos(z),7200s 21 , —2cos 41
2 2 9 9 9

in the space (Q(v5)®gR) x (Q (cos (
L.(z) C R5 of rank 4 with basis matrix B
sponding integral Gram matrix

a11

and

=~ R®, we obtain the lattice
(x) 72(x) Td(ﬂi)) and the corre-

o3
S—
H\/
/\®
]8O
5 =
SN—

C=B"B=
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Define the mutually orthogonal blocks M; = spany, {(\/5, —/5,0,0, O)T} C 12T X
R? and M, =

0 0
0 0
= spany 2005 z +2cos 49 ,| 2cos (%) + 2cos (2—) C R2><13T,
—2cos §§) — 2cos g%) —2cos (%’“) + 2 cos 549”)
—QCOS( )—|—2cos(9”) —2005(%)—2605(%)

then L,(x) = spany {x, M1 ® My} with det L.(x) = 9v/15 and successive minima
M =X = VT, A3 = A =2V2.

5. APPENDIX: LATTICES SPANNED BY ALGEBRAIC CONJUGATES
In this appendix, we want to revisit a construction of algebraic lattices described
n [4]. Let
fx)=2"4 apn_12"  + -4+ a1z + ap € Z[z]
be a monic irreducible polynomial of degree n > 2 with roots ay,aso,...,a,. Let
K be its splitting field and G its Galois group over Q. Then

d:=[K:Q]=|G| <nl

Write G = {01,...,04}, then for each 1 <i <nand 1 < j < d, 0j(a;) = a, for
some corresponding 1 <i; < n. Then

(7) —Gp_1 =01+ -+, €Z,

and

My =spang {aq,...,a,} C K
is a Z-module of rank < n generated by all the conjugates of a. The module M
is closed under the action of G, since automorphisms of the Galois extension K/Q
simply permute the roots of an irreducible polynomial. Identifying elements of G
with the embeddings as in Section [ above, we have the Minkowski embedding

ZK = (0’1,...,0'(1) : K‘—)K]R.
Writing « for the image Yk (a) € Kg of a € K, we define the angle 6 between a

and (3 is given by
9 — —1 ( <a716> )
O lalal

for each pair «, 8 € K, where || a| = (e, ) is the Euclidean norm.

Define Ly := X (M), which is a Euclidean lattice in K. Then

Ly =spang {a1,...,0,}.

Let m = rk Ly. The minimal norm of this lattice is |Ly| := min{||3| : 0 # B € L},
which is the same as the first successive minimum, and the minimal vectors are
vectors with this minimal norm. We say that L is well-rounded (WR) if it has m R-
linearly independent minimal vectors. Further, L is generic WR (GWR) ifit is WR
and the number of minimal vectors is precisely 2m. Further, let B={84,...,08,,}
be an ordered basis for Ly, and define a sequence of angles 61,...,6,_1 as follows:
each 0; is the angle between 3, ,; and the subspace

spanR{,Bl, cen 7/67,}
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Then each 6; € [0,7/2] and we say that B is a weakly nearly orthogonal basis if
0; > m/3 for each 1 < i < mn—1. A basis B is called nearly orthogonal if every
ordering of it is weakly nearly orthogonal. If L; has such a basis, we say that Ly
is a nearly orthogonal lattice. The following result is Theorem 1.5 of [4].

Theorem 5.1. Letn > 3 be prime. There exist infinitely many polynomials f(z) €

Zlx] of degree n so that Ly is a GWR nearly orthogonal lattice of rank n in Kg,

where K is the splitting field of f(x); further, Ly contains a basis consisting of

minimal vectors. For example, we can take f(x) = "™ + an_12"" 1 + ag, where
8(n — 1)n!

V(=22 +16(n—1) — (n—2)

and |an—1| > lag| + 1 are integers.

(8) |aol >

Here, we prove the following strengthening of this theorem.

Corollary 5.2. Letn > 3, not necessarily prime, and let the rest of the notation be
as in Theoremm. There exist infinitely many trinomials f(z) = 2" +a,_12" *+ag
satisfying conditions and |an—1| > |agl +1 as in Theorem such that Ly is
GWR nearly orthogonal with a basis of minimal vectors.

Proof. The proof is the same as the proof of Theorem 1.5 of [4] with one impor-
tant modification. The only reason the assumption that n is prime was needed
was to ensure that rank of L; is equal to n, i.e., that the conjugates a1,...,
are Q-linearly independent. For this, [4] used a theorem of Dubickas (Theorem 1
of [2]) that guarantees this linear independence under the conditions a,_; # 0 and
n being prime. The condition a,_; # 0 is clearly necessary, however n being prime
can be replaced by a weaker condition. Specifically, if a,,_1 # 0 and G = S,,, then
a result of C. J. Smyth (Lemma 1 of [II]) implies that the conjugates a1, ...,an,
are Q-linearly independent, and hence our lattice Ly has rank n in n!-dimensional
Fuclidean space Kg. Now, the fact that there exist infinitely many integer trino-
mials f(z) = 2" + an_12" ! + ag satisfying conditions (8) and |a,_1| > |ag| + 1 as
in Theorem with Galois group equal to S,, follows, for instance, from [9]. (]
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