DEEP HOLE LATTICES AND ISOGENIES OF ELLIPTIC
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ABSTRACT. Given a lattice L in the plane, we define the affiliated deep hole
lattice H(L) to be spanned by a shortest vector of L and a deep hole of L
contained in the triangle with sides corresponding to the shortest basis vectors.
We study the geometric and arithmetic properties of deep hole lattices. In
particular we investigate conditions on L under which H(L) is well-rounded
and prove that H(L) is defined over the same field as L. For the period
lattice corresponding to an isomorphism class of elliptic curves, we produce a
finite sequence of deep hole lattices ending with a well-rounded lattice which
corresponds to a point on the boundary arc of the fundamental strip under
the action of SLa(Z) on the upper halfplane. In the case of CM elliptic curves,
we prove that all elliptic curves generated by this sequence are isogenous to
each other and produce bounds on the degree of isogeny. Finally, we produce
a counting estimate for the planar lattices with a prescribed deep hole lattice.

1. INTRODUCTION

Let L C R? be a lattice with successive minima A; < )\, and the corresponding
minimal basis vectors @1, €. It is well known that, choosing +x, a5 if necessary,
we can ensure that the angle 6 between these vectors is in the interval [7/3,7/2]:
this angle is an invariant of the lattice, we call it angle of L. The lattice L is called
well-rounded (WR) if Ay = Ag; it is called semi-stable if Ay > det(L)'/2. For planar
lattices, WR property implies semi-stability (this is not true in higher dimensions).
Two lattices L1 and Lo are said to be similar, denoted L ~ Lo, if there exists
a € Ryg and U € O3(R) such that Ly = aUL;. This is an equivalence relation
which preserves WR and semi-stability properties, hence we will speak of WR and
semi-stable similarity classes. WR. and semi-stable lattices play an important role
in lattice theory and are objects of substantial study; see [2], [5], [6] and references
within for some details.

Similarity classes of planar lattices can be parameterized as follows. Let H =
{Tr =a+bi:b>0} CC be the upper half-plane, and let

D={r=a+bieH:-1/2<a<1/2,|7| > 1}.

Let
F={r=a+bicH:0<a<1/2|r| > 1},
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semi-siable
WR

FIGURE 1. Space of lattices in R? with WR and semi-stable sub-
regions marked by colors.

so, loosely speaking, F is “half” of D. Every point 7 = a + bi € F can be identified
with a lattice

(1) A, = ((1) Z) z?

in R2. Then the lattice L with successive minima A; < Ay and the corresponding
minimal basis vectors @1, @2 is similar to L' = /\%L. Rotating if necessary, we can

0

the image x/, of x5 must have its first coordinate between 0 and 1/2, since otherwise
one of x, +e; € L would be a shorter vector than x4 and still linearly independent
with e;. Furthermore, reflecting over ej, if necessary, we can assume that x/, has
a positive second coordinate. In other words, every planar lattice L is similar to a
lattice of the form A, for some 7 € F, and it is a well-known fact that it is similar
to precisely one such lattice; we will say that this similarity class is represented by
7. Hence, F can be thought of as the space of similarity classes of lattices in R? (see
Figure |1). WR similarity classes correspond to the circular arc {r € F : |7| = 1}
and semi-stable similarity classes correspond to the set {r=a+bi € F:b<1}.

On the other hand, the full domain D can be viewed as the space of isomorphism
classes of elliptic curves: a point 7 corresponds to the isomorphism class of the
elliptic curve given by the complex torus C/A,, where we are identifying C with
R? and thinking of A, as spany{1,7} C C. This being said, while the lattices A,
and A_; are similar the corresponding elliptic curves are not isomorphic: instead,

ensure that the image of @1 under this similarity coincides with ey := ( ) Then

the two elliptic curves have conjugate j-invariants, since j(—7) = j(7) (here j is
Klein’s modular j-function; see [9] for details).

A deep hole of a lattice L is a point in R? which is farthest away from the lattice.
The distance from the origin to the nearest deep hole is the covering radius p of L.
There is a unique deep hole z of L contained in the triangle 7" with vertices 0 and
the endpoints of @1, xo: we call it the fundamental deep hole of L. Define the deep
hole lattice of L to be

H(L) := spang{x1, z}.
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The main goal of this paper is to investigate the properties of this new family
of deep hole lattices and connect them to the properties of the associated elliptic
curves. We start with some observations about the geometry and arithmetic of
H(L), proving the following theorem in Section

Theorem 1.1. Let L be a lattice in the plane with the angle 6 € [7/3,7/2] and
successive minima A1 and Ao = aly for some a > 1. Let H(L) be the deep hole
lattice of L. The following statements hold:

(1) If @ < 2sin(0 + 7/6), then H(L) is WR.

(2) If L is semi-stable, then H(L) is WR.

(3) If L is WR, then H(L) ~ L.
(4) If L C K? for some subfield K of R, then H(L) C K2.

Next we turn our attention specifically to the lattices of the form A, for 7 € F
parameterizing all the similarity classes in the plane. Given a subfield K of R,
we say that a similarity class represented by 7 lies over K if 7 = a + bi with real
numbers a,b € K. This is equivalent to saying that some lattice in this similarity
class is contained in K (i) C C, which is identified with K2 C R?.

A similarity class represented by 7 lying over K contains infinitely many lattices
L C K2. Tt is not difficult to observe that the similarity class of the deep hole lattice
lies over the same field as the similarity class of the original lattice (Lemma .
In fact, the deep hole construction allows us to describe an interesting family of
similarity classes defined over the same field.

Theorem 1.2. Let 79 = ag + boi € F with ag,by € K for some subfield K C R.
There exists a finite sequence of numbers Ty,...,T, giwven by T, = ar + byt for all
1 <k <n, so that

2 2
ay_q +bi_, —ax
2 =
(2) ak T
with A;, = H(A;,_,) and A, well-rounded, hence H(A;,) ~ A, . Furthermore,

Tiye ooy Tne1 €F, |Ta] <1 and n < log, (%)

We prove Theorem [1.2]in Section [3] For a given 79 = ag + boi € F, we will refer
to the sequence of complex numbers

Tk =ar +bgi, 1 <k <n,

L eRKV1<k<n,

7bk:

N | =

defined as in , as the deep hole sequence for 7y and call the corresponding sequence
of lattices A, as defined in Corollary the deep hole lattice sequence for A, .

We focus on a particular situation in which this deep hole lattice sequence is
especially interesting. A lattice L = AZ? C R? is called arithmetic if the corre-
sponding Gram matrix AT A is a scalar multiple of an integer matrix, i.e. L is
similar to an integral lattice. A lattice A, is arithmetic if and only if

T=p+i\/§€f
q t

for some p, q, s,t € Z, i.e. T is a quadratic irrationality. This condition is equivalent
to the elliptic curve E. with period lattice A, having complex multiplication by the
imaginary quadratic field Q(7), i.e. the endomorphism ring of E, is an order in Q(7)
properly containing Z. Thus, if 7 in Theorem [T.2]is a quadratic irrationality, then
A+, and the entire sequence of deep hole lattices A,,,..., A are arithmetic with the
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corresponding CM elliptic curves £, having their endomorphism rings in the same
imaginary quadratic field Q(7p). Furthermore, each curve E;, for 1 <k <n—1 has
a real negative j-invariant, whereas the curve E, corresponds to a well-rounded
lattice A,, , and hence has real j-invariant in the interval [0, 1] (see [5] for details).
We review the necessary notation and prove the following result in Section

Theorem 1.3. Let 19 = ag + boi € F be a quadratic irrationality and

{7 = ap + bri}y_
its corresponding deep hole sequence. For each 0 < k < n, let E,, be the corre-
sponding CM elliptic curve with the arithmetic period lattice A+, . Then all of these

elliptic curves are isogenous. Furthermore, for any 0 < k < mn — 1, there exists an

isogeny between Er, and E;,_ ., with degree

_ 123 brss di; (af +57)°

6
k bk ;

where d, = min{d € Z~o : day,d*b; € Z}.

Finally, we consider a certain inverse problem. From here on, let K be an
arbitrary number field of degree n and suppose that the similarity class represented
by 19 = % + it € F lies over K. Consider the set

(3) Sk,z, = {7 € F: 7 is defined over K and H(A;) = A, }.

i.e., the set of similarity classes defined over K whose deep hole lattice is A,,. While
this is an infinite set, we can count these similarity classes bounding the so-called
primitive height H? of 7 which is defined in Section [4

Theorem 1.4. For a real number T > 1, define
Skr(T)={17€ Sk, : H (1) <T}.
Then, as T — oo,
471272
8¢(2n) (2t + V42 + 1) |Ak]|

where ¢ stands for the Riemann zeta-function and n = [K : Q].

1Sk 7 (T)| < ( ) "+ 0(r* ),

We recall necessary notation and prove Theorem [I.4] in Section [d] We are now
ready to proceed.

2. GEOMETRY OF DEEP HOLE LATTICES

The main goal of this section is to prove Theorem [I.]] We do it via a lemma
and three corollaries, each proving one of the four parts of the theorem. As in the
statement of the theorem, let us write « for the quotient Ao/ > 1.

Lemma 2.1. If a < 2sin(f + 7/6), then H(L) is WR.

Proof. Let v be the angle between the vectors z,x; — z. Since z is the center of
the circle circumscribed about the triangle T, we have ||z|| = ||£1 — z|| as both of
these line segments are radii of this circle. This common value is p, the covering
radius of the lattice L, which is given by the formula

VAP + A2 — 20\ cos
‘u frnd - R
2sin 6
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see Lemma 5.2 of [3].
Then the triangle with sides

r1,2,1 — =
is isosceles, and so the bisector of the angle v is perpendicular to x; and is the
median of that side. Therefore we have
A1/2 Ay sind in6
4)  sin(v/2) = /2 _ 15 _ Sin .
Iz VA 4+ A2 =20\ dgcos0  V1+ a2 —2acos6
If v € [7/3,7/2], then the lattice H(L) is well-rounded: since ||z|| = |1 — 2|,
laz +b(z1 — 2)|I* = (a® + %) 12| + 2ab||2|]* cos v > ||z]%,

for any a,b € Z, and hence z, €1 — z is a minimal basis for H(L). Thus the sufficient
condition is sin(r/2) > sin(7/6) = 1/2, and so we have the condition:

4sin?60 > 1+ o? — 2a cosd.
Using the identity sin? @ = 1 — cos? # and rearranging, we obtain
3 —3cos?f =3sin?0 > a? — 2acos 0 + cos? § = (a — cos 0)?,

which leads to
o < V3sinf + cosf = 2sin(f + 7/6).

Now suppose that L ~ A, for some
(5) 7 =ae’ = acosh + aisind € F,
where o = |7| and 0 is the angle of L.
Corollary 2.2. If L is semi-stable, then H(L) is WR.
Proof. If L is semi-stable, then

a=|r| <V5/2 < V3 =min{2sin(f + 7/6) : § € [x/3,7/2]},

and so the condition of Lemma Bl is satisfied. O
Corollary 2.3. If L is WR, then H(L) ~ L.

Proof. Notice that two WR lattices are similar if and only if they have the same
angle. Using notation and setup of Lemma and applying with a = 1 (since
L is WR), we obtain:

sin(v/2) = % cos(v/2) = \/2 —2cosf — sin? 6
T V2—2cos0 T V2—2cos0
Therefore
2 —2cosf — 2sin® 0
cosv = COS2(I//2) o SiHQ(V/Q) _ COos sin

2 —2cosb

~ —cosf(1 —cost) B
= Ty = —cosf = cos(m — 0).

Hence the angle between z and —(z—x1) = x1—2z is 0 € [7/3,7/2]. Then z, 1 — =
is a minimal basis for H(L), so the angle of H(L) is 6. O

Corollary 2.4. If L C K2 for some subfield K of R, then H(L) C K?, and hence
the similarity class of H(L) lies over K.
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Proof. Since L C K?, we have \? = |lz;||> € K for j = 1,2, and so o® € K. Let
A = (1 z2) € GL2(K) be the corresponding basis matrix. By Lemma 4.1 of [3],
the fundamental deep hole of L is

© =540 (31).

and hence H(L) = spany {z1,z} C K?. As we detailed in Section [l} this implies
that the similarity class of H(L) lies over K. O

3. DEEP HOLE LATTICES IN THE FUNDAMENTAL STRIP

We start with a simple observation about the similarity class of a deep hole
lattice.

Lemma 3.1. Let T = a+bi € F, A, the corresponding lattice as in and suppose
that A lies over a field K C C. Then v € F representing the similarity class of

H(A;) also lies over K.
e — 1 e
! 0/’ b

for the minimal basis of A, and 6 € [n/3,7/2] for the angle between these two
vectors, hence

Proof. Let us write

a . b
— sinf = ——.
Va2 12 Va2 b2

Then @ guarantees that the fundamental deep hole of A, is

@) 1= ((a2 S /2b> :

which certainly lies over K and H(A;) = A, for 7 = % + %i. If € F,
then v = 71 and we are done.

Suppose 71 € F. This means that |7| < 1, then the vectors 71,e; — 71 € A,
have equal length and the angle between them is in the interval (7/3,27/3]: the
largest value 27/3 is attained when 7 = 1 + ?z On the other hand, |m| < 1
implies that (a? 4+ % — a)/2b < v/3/2, hence

7l 3 V3b+a :
= Va2 +b2 < 22— = /3sinb + cosb,
l[ex]] Va2 + b2

which means that A, satisfies the condition of Lemma[2.1] Therefore H(A,) is WR
and its similarity class v lies over K by Corollary 2.4l This completes the proof. O

0

cosf =

We can use this lemma to give a quick proof of Theorem [T.2]

Proof of Theorem[I.3. Existence of the sequence 74, with the claimed properties
follows by iterative application of . Further, aj, < 1/2 for each k, so

br—1 ag—1(1 —ag—1) < br—1 1 br—1

by, = _
RS W1 = 2 8, 2
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hence by, < ;’—2. If n > log, (%) then b, < v/3/2, which means that |7,,| < 1 (i.e.,

\/g 9
Tn & F) and hence A, is well-rounded. Then Corollary implies that H(A,,) is
similar to A, and hence the sequence of deep holes has stabilized. (]

Next we turn to the proof of Theorem [I.3] First, let us recall the definition of
an isogeny. Given lattices A, A’ C C a nonzero morphism E — E’ between the
corresponding elliptic curves E = C/A and E' = C/A’ which takes 0 to 0 is called
an isogeny. An isogeny is always surjective and has a finite kernel. For instance,
if 8 € C* is such that SA C A’, then multiplication by 8 function z — Bz maps
C — C modulo the lattices, and hence maps F — E’. In fact, every isogeny is of
this form. The degree of this isogeny is then the degree of the morphism, which is
equal to the index of the sublattice SA in A/, i.e.

deg(8) = [A": BA].

This is precisely the size of its kernel. If an isogeny E — E’ exists, then there also
exists the dual isogeny E’ — E of the same degree such that their composition is
simply the multiplication-by-degree map, and hence the curves are called isogenous:
this is an equivalence relation. There may exist multiple isogenies between two
elliptic curves, but since degree of an isogeny is a positive integer, we can ask for
an isogeny of minimal degree. See [9] for more details on elliptic curves and their
isogenies.

Proof of Theorem[1.3 To prove the first statement, pick any 0 < k < n — 1, then

Thyl = Z’“H is the fundamental deep hole of A, . Notice that the successive
k41

minima of A, are A1 = 1, Ap2 = |7%| with the corresponding minimal basis vectors

e, Tk, and hence
ay

R )2
2 2 k2
a; + by

where ay, az‘lﬁ € Q. Then Theorem 4.3 of [3] implies that the deep hole 741
k k

2
e Tk =agA\y =

has finite order ¢ in the quotient group R?/A,, , meaning that ¢74,; € A,,. Since
le; € A.,, we have that

EATIH»I = KSpanZ{ela Tk-‘rl} g ATk = Spa‘nZ{el7 Tk‘})

thus A, contains a similar copy of A, as a sublattice. This implies that the
corresponding elliptic curves E,, and E._ , are isogenous. Since isogeny is an
equivalence relation, we have that the entire sequence of elliptic curves {E, }7_ is
isogenous.

Next, we prove a bound on the smallest degree of an isogeny. Recall that dj =
min{d € Z~¢ : dag,d?b; € Z}, and notice that the fundamental deep hole of the
lattice dp A, = spang{dre1,diTr} is dpTr41. Successive minima of this new lattice
are dipAk1, dpAgo; furthermore,

(dide1)?, (diAne)?, dier - dpTy € Z.
Then Theorem 4.3 of [3] implies that the deep hole di7Tr+1 has order
€ <12V3 (dphio)* = 12V3 d}f |
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in R?/Ay, ., , which is the same as the order of 7441 in R?/A,, . Then
_ CdetAr,, L - 12v/3 bry1 di (a2 + bi){

Thtt ] - det A‘rk bk bk

There exists an isogeny between E,, and L

[As, LA

w11 Whose degree is 0 = [A7, : (A, ]

4. COUNTING SIMILARITY CLASSES WITH A PRESCRIBED DEEP HOLE

In this section we will prove Theorem |1.4} starting with some notation. Through-
out this section, let K be a number field of degree n over Q with at least one real
embedding, let Ag be the discriminant of K, and let Ok be its ring of integers.
Write o1, ...,0,, for the real embeddings of K. Specifically, we fix the real em-
bedding o7 and identify every element ¢ € K with the corresponding real number
o1(c). Let also 7,71, ...,Tr,, Tr, be the complex embeddings of K, then

n =11+ 2ra.
The space Kg := K ®g R = R"™ x C" can be viewed as a subspace of
{(:I:,y) cR™ x (C2T2 Yoty = :ljj V1 S] < 7"2} c c".

Then for any m > 1, Kg' is a mn-dimensional Euclidean space under the bilinear
form induced by the trace form on K:

(o, B) := Trg(af) € Q,
for every «, 8 € K, where Trg is the absolute number field trace on K. We also
define the sup-norm on Kp' by
|z| := max{|z1],...,|Tmn|}
for any & € K*, where |z;| stands for the usual absolute value of z; on C. Let
Sk = (01, Or s T1y Ty e ey Trgy Tr ) I > KR

be the Minkowski embedding. We also write ¥ for the induced map K™ — Ky'.
Then AR} := X (O) is a lattice of full rank in KZ*. We define the determinant of
a full-rank lattice to be the absolute value of the determinant of any basis matrix
for the lattice, then

(8) det(AR) = |Ag[™/,
as follows, for instance, from Corollary 2.4 of [1] (see also Theorem 2 of [10]).

Let M(K) be the set of places of K and let n, = [K, : Q,] be the local degree
of K at each place v € M(K). Select absolute values so that | |, extends the usual
absolute value on @ if v is archimedean and | |, extends the usual p-adic absolute
value on Q if v is non-archimedean. With this choice, the product formula reads

II e

veEM(K)

Ny
=1,

for each 0 # ¢ € K. For each archimedean place v, |c|, = |o;(c)| or |7;(c)| for an
appropriate 1 < j <rq or 1 < j < ry, depending on whether v is real (i.e., n, = 1)
or complex (i.e, n, = 2); here | | stands for the usual absolute value on C. For each
v € M(K), define the local sup-norm of a vector z € K™ as

|x|, = max{|z1|v,- ., |Tm|v}-
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For a point & € K™, define its denominator to be
9) d(x) = min{c € Qs : cx € OF},
and let the (rationally) primitive point corresponding to  be z, = d(x)x.

Lemma 4.1. The denominator d(x) (and hence the primitive point x,) is well-

defined.
Proof. We need to show that the minimum in the definition @ exists. Let

= (z1,...,2m) € K™
There exists a rational number ¢ such that cx € O, and write ¢ = % € Q with
ged(er, ep) = 1. Then
c
iijOK, V1<ji<m,
C2
and hence the number field norm
c1 c?
Ng —Zj | = TNK(x]’) €7,
C2 Co
while N (z;) = xj1/z;2 € Q with ged(xj1,xj2) = 1. This means that ¢y | ;1 for
all 1 < j < m, which means that the set of possible denominators for ¢ is finite,
and hence the minimum of ¢ exists. (I

Notice that for any & € K™ and non-archimedean v € M(K), |x,|, < 1, since
xz, € OF. We define the primitive height of x € K™ to be

HP(x) := max |zp,.
v|oco

While it is clear that when x;, = y,,, then  and y represent the same projective
point over K, it may happen that x, # y, while z = ay for some o € K (e.g.,
T =—y).

Now, let 79 be the fundamental deep hole lying over K for some lattice A,
T=a+bi € F. Then (79) = 1/2 and ([2]) implies that
a’+b%—a

2b

The set of 7 € F so that 79 is the deep hole for A, can then be described as

t:=S(m0) = €K, b>t.

2
1 1 1
(10) Sy 1= {a+bi:0§a§ 3 b>t, (a—2> +(b-t)?= 4+t2},
which is precisely the green arc in Figure |2l Notice that each line y = sx through
the origin with slope

(11) §>2t+ /412 + 1

intersects S, in precisely one point. Conversely, every point on S;, is the inter-
section point with a unique such line. Hence, S;, is in bijective correspondence
with the set of slopes [2t 4+ v/4t? + 1,00). Further, notice that 0 is a point on the
circle of which S;, is an arc. Let K be a number field, and notice the line y = sx
through O intersects S, in a point (a,b) € K? if and only if s € K. This means
that the set Sk -, as defined in is given by {a +bi € S;, : a,b € K}, and hence
is in bijective correspondence with the set of slopes

Mg 7y = {SEK:SZQt+\/4t2+1}.
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(a,b) | Similarity classes on the
green arc have deep hole T,

0 1/2 1 Re

FIGURE 2. Similarity classes with a prescribed deep hole. Pink

lines are radii of the circle centered at 79. The brown line y = 2z

a
intersects the green arc at a point 7 = a + bi defined over K.

For each s € Mk ., there exists a unique a + bi € S, such that s = b/a, and for
each such pair (a,b) there is a primitive point (o, 8) € O% such that b/a = 8/«
i.e. (o, B) is the unique primitive point on the line y = sz. Define
Pr ry = {(a, B) € 0% : (a, ) is primitive, 8/a > 2t + /4t2 + 1} ,

then we have a bijective correspondence:

T=a+bi€ Sk, +— (o,8)€ Pk, such that /o =b/a.
Let us write HP(7) for the primitive height H?(a,b), then for any T > 1,
(12) K7 €Sk H(7) T} = [{(e, ) € Prry : [Bkc (e, )| < T},
which is finite.
Lemma 4.2. Let T > 1 and let

PK,‘FU(T) = {(avﬂ) € PK,TO : |ZK<O‘75)| < T}

Then, as T — oo,

47‘1 7T2T2
8¢(2n) (2t + V42 + 1) |Ak|

where ¢ stands for the Riemann zeta-function.

| Pre.ro(T)] < ( ) "+ o(r* ),

Proof. Consider the lattice A3, C K2 and write (A% ), for the set of primitive
points in A%(, i.e. points that are not integer multiples of any other points in A%.
Notice that if (o, ) € Pk 7, then g (a,8) € (A% )pr. Let us write points in K2
as (¢1,Yy,T2,Y,), where (€1,y,), (€2,y,) € Kr. Write x1; and o for the first
coordinates of @, and x4, respectively, and define

Cr(T) = {Z = (@1,Yy, T2, Yy) € K 1 |2| < T, w01 > (2t+ Va2 + 1) 11 > 0},
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then Y (Pk (T)) € Cr¢(T) N (A% )pe- Write g := (2t + /42 + 1) and observe
that Ck +(T') is a direct product of 2ry circular discs of radius T', given by

lyjul <T, Vji=12and k=1,...,79,
2r1 — 2 intervals given by
|2k <T,Vj=1,2and k=2,...,r,
and the set {(z11,221) : 0 < 211 < 291/¢}. Then
” T2 4 2rg
Vola,, Cr o(T) = (xT?)*" (27)" 2 <2> - ( 5 )T
q q

Since Ck +(T) = TCk (1), Theorem 2 on p.128 of [7] combined with asserts
that

VOlgn CK t(l) _
T A2 5 T2n T2n 1
Crarynag] < (Tl ro
47"1,]T2r2
13 = T2’ﬂ +0 T2n71 ’
13) (8(2t+\/4t2+1) AK> ( )
as T — oo.
Now, let @1,..., @2, be a basis for A%, in particular A% = spang{@1,...,x2,}.

Let ¢ : A% — Z2" be given by
2n

.
y:E ajx; —a=(ai,...,a2,) ,
=1

then y € A% is primitive if and only if ¢(y) € Z*" is primitive. Further, ¢ extends
to a linear map ¢ : K2 — R?" and the set ¢(C ¢(T')) is a convex polyhedron with 0
on its boundary. In particular, if a lattice point @ € Z*" is contained in ¢(Ck +(T))
then there is a corresponding primitive point @’ € Z?" contained in ¢(C ((T))
such that @ = ca’ for some ¢ € Z. Hence, if T’ = max{|a| : @ € ¢(Ck +(T))}, then
for a randomly chosen point in ¢(Ck ((T")) the probability that it is primitive is the
same as for a randomly chosen point in {a € Z*" : |a| < T"}. By Theorem 1 of [g],
this probability tends to 1/¢(2n) as T" — co. Since T — oo as T' — oo, this implies
that the proportion of primitive points among all lattice points in C ((T) N A%
tends to 1/{(2n) as T — oo. Combining this observation with completes the
proof of the lemma. O

Proof of Theorem[I]] The theorem follows by combining with Lemmal[4.2l O
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