CYCLIC AND WELL-ROUNDED LATTICES

LENNY FUKSHANSKY AND DAVID KOGAN

ABSTRACT. We focus on two important classes of lattices, the well-rounded
and the cyclic. We show that every well-rounded lattice in the plane is similar
to a cyclic lattice, and use this cyclic parameterization to count planar well-
rounded similarity classes defined over a fixed number field with respect to
height. We then investigate cyclic properties of the irreducible root lattices
in arbitrary dimensions, in particular classifying those that are simple cyclic,
i.e. generated by rotation shifts of a single vector. Finally, we classify cyclic,
simple cyclic and well-rounded cyclic lattices coming from rings of integers of
Galois algebraic number fields.

1. INTRODUCTION

Let n > 2, and write || || for the Euclidean norm on R™. Let L C R™ be a lattice
of rank n, and define its minimum to be

|L| := min{||x| : ® € L\ {0}}.
Then the set of minimal vectors of L is
S(L):={xe€L:|z|=IL[}.

Let us write Ry for the set of all positive real numbers and O, (R) for the group
of real orthogonal n X n matrices. We define the equivalence relation of similarity
on lattices in R™ as follows: two lattices L; and Lo are called similar, denoted
Ly ~ Ly, if there exists « € Ry and U € O, (R) such that Ly = aUL;. This is
an equivalence relation on the space of lattices in R™, and we will write (L) for the
similarity class of L.

We say that L is well-rounded (abbreviated WR) if spang S(L) = spang L, L
is generated by minimal vectors if L = spany S(L), and L has a basis of minimal
vectors it S(L) contains a basis for L. Notice that S(L;) is taken to S(Lg) under
similarity, and hence these conditions are preserved. Thus we write WR,, for the
set of similarity classes of WR lattices in R, WR,, for the set of similarity classes
generated by minimal vectors, and WR,, for the set of similarity classes having a
basis of minimal vectors. Then

WR;, C WR;, C WR,,

where the first containment is known to be proper for all n > 10 and the second
containment is proper for all n > 5. WR lattices are central objects in lattice theory
and discrete optimization; see [24] for many more details, as well as [26].
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A lattice L C R™ of rank k can be written as L = BZF, where 1 < k < n and B
is an n X k basis matrix of rank k£. The determinant of L is then defined as

det(L) = y/det(BT B).

A lattice L is called semi-stable if for any sublattice M of rank 1 < k < n,
det(L)/™ < det(M)V*,

and L is called stable if this inequality is strict for all M # L. The stability
condition is again preserved under similarity, and we write St,, for the set of semi-
stable similarity classes in R™. Semi-stable lattices, alongside well-rounded lattices,
are of great interest in lattice theory and reduction theory (see [3] and [29]).

There are two more interesting classes of lattices we would like to introduce.
Let B = {b1,...,b,} be an ordered basis for a lattice L in R", and define a
sequence of angles 64,...,60,_1 as follows: each 6; is the angle between b;;; and
the subspace spang{by,...,b;}. Then each 6, € (0,7/2]. The basis B is called
weakly nearly-orthogonal if 0; > 7/3 for each 1 < i < n —1. A basis B is called
nearly-orthogonal if every ordering of it is weakly nearly-orthogonal. A lattice L is
called (weakly) nearly-orthogonal if it has a (weakly) nearly-orthogonal basis. This
property is again preserved under similarity, and we will write W,, (respectively,
W) for the set of weakly nearly-orthogonal (respectively, nearly orthogonal) well-
rounded similarity classes. Nearly-orthogonal lattices have applications in image
compression and signal processing [2]. Finally, a lattice L C R™, not necessarily of
full rank, is called cyclic in R™ if it closed under the rotation shift linear operator
p: R" — R"™ given by

(1) p(617027"'acn):(Cnacla"';cn—l)a

i.e. if p(L) = L. This property is not preserved under similarity: indeed, the
—a
1
irrational a. On the other hand, a full-rank lattice L C R™ is similar to a cyclic
lattice if and only if L has an isometry with minimal polynomial 2™ — 1. Cyclic
lattices have been especially studied in the context of lattice-based cryptography,

e.g. [25], [27].

Reduction theory aims to specify some “canonical” choice of representatives of
similarity classes, and from this point of view it is interesting to understand the
relation between the classes of lattices defined above. In general, these conditions
on lattices are independent: stable lattices do not need to be well rounded or nearly-
orthogonal, and there are families of well-rounded nearly-orthogonal lattices that
are not semi-stable (see Lemma 1.1 of [I0]). Further, well-rounded lattices are also
not necessarily nearly-orthogonal (as is evident from multiple constructions and
examples in [I3]). The situation, however, is much simpler in dimension two: here
we have the following chain of inclusions:

WRY = WR, = WRy = W3 = W, C Sts.

integer lattice Z? is cyclic and is similar to 72, which is not cyclic for any

One can ask where do cyclic lattices fit in this picture. This is our first observation.

Theorem 1.1. Every WR lattice L C R? is similar to a unique cyclic lattice

2) M(z) = <1 x> 72

r 1
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with x € [0,2 —+/3]. Further, if K C R is a subfield such that L C K2, then z € K.

We prove Theorem [I.1] in Section [2] where our main tool is the circulant precon-
ditioner for arbitrary matrices originally defined by Tony Chan [4] in the context
of certain numerical linear optimization problems. Notice, on the other hand, that
the converse of Theorem [I.1]is not true: not all cyclic lattices in the plane are WR.

In fact, not all of them are even stable: for instance, the cyclic lattice (g ;) 7?2
is not stable.

Using Theorem for each WR lattice L C R?, let 2, € [0,2 — v/3] be the
unique real number so that L ~ M(z) as in . This description of similarity
classes allows for a way to count them. Given a real number field K, we will say that
a lattice L C R? is defined over K if L C K?2. Further, we say that a similarity class
is defined over K if it contains a lattice defined over K. Theorem guarantees
that if a well-rounded lattice L is defined over K, then so is M(xy). Then WR
similarity classes defined over K are precisely those containing M (z) as in with
x € K. We can define the height of a similarity class (L) defined over K to be the
Weil height of 21, denoted H((L)). With this notation, we can prove the following
estimate.

Theorem 1.2. Let K be a real number field of degree d, then for any T > 1,

[{(L) defined over K : H({L)) < T}| < % <1 + 42(d+1) (2 + \/g)dTZd) :

We review all the necessary notation of height functions and prove Theorem
in Section [3] Our main tool there is a counting estimate for algebraic numbers of
bounded height due to Loher and Masser [2I]. Notice that introducing the height
machinery allows for explicit counting: any set of points of explicitly bounded height
over a fixed number field is necessarily finite by Northcott’s theorem. Indeed, our
approach here is different from some previous counting estimates on planar well-
rounded lattices, where the lattices in question would be taken to be sublattices of
a fixed lattice in the plane and counted with respect to index (see [8], [9], [11], [15],
[, [19]). Instead, we are counting all similarity classes defined over a fixed number
field. In contrast, arithmetic similarity classes of well-rounded lattices have been
counted with respect to a somewhat differently defined height in [12]: these lattices
are defined over quadratic number fields. We compare the estimate obtained in [12]
with our Theorem [[.2]in Section [3

In higher dimensions well-rounded lattices cannot be so nicely parameterized by
cyclic ones (Lemma|2.2)). This being said, there are plenty of important lattices that
are cyclic. Indeed, the condition that a lattice L of rank n is cyclic is equivalent to
the condition that Aut(L), the automorphism group of L, contains the permutation
matrix corresponding to the standard n-cycle (1...n), which is not trivial (for a
generic lattice Aut(L) = {£I,}), and lattices with large automorphism groups are
of special interest in lattice theory and the arithmetic theory of quadratic forms.
We distinguish a special subclass of cyclic lattices: we will say that a lattice L of
rank n is simple cyclic if there exists a € L so that

L = A(a) :=spang {a,p(a),...,p" '(a)},
i.e. simple cyclic lattices are generated by the rotation shifts of a single vector. We
discuss basic properties of cyclic lattices in more details in Section [d] In Section [5]
we prove the following observation on the cyclic properties of the root lattices.
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Theorem 1.3. The following statements hold for the root lattices and their duals:

(1) For every n > 2, the root lattice A,, and its dual A}, are both simple cyclic
lattices of rank n in R*H1.

(2) For every n > 2, the root lattice Dy, and its dual D}, are both cyclic of full
rank in R™. Further, D,, and D} are simple cyclic if and only if n is odd.

(3) The self-dual root lattice Eg is cyclic, but not simple cyclic in RS.

(4) The root lattices Eg, E7 are non-cyclic sublattices of Eg in RS.

We briefly recall the definitions and necessary properties of the classical root lattices
in Section [p] before proving Theorem [I.3]in a series of lemmas. Finally, in Section [f]
we focus on lattices coming from rings of integers of Galois number fields. We prove
the following result, where the lattices in question are viewed as cyclic under the
rotational shift operator as in , but on C" instead of R™.

Theorem 1.4. Let K be a Galois number field and Ak be the lattice coming from
the ring of integers Ok via a standard embedding into Kr = K ®g R C C¢. Then
Ax is cyclic in C? if and only if K/Q is a cyclic extension. Further, it is simple
cyclic if and only if K/Q is tamely ramified. In particular, a cyclotomic lattice
Aqe,) with ¢, = e2™i/n s cyclic if and only if n = 2,4,p* or 2p* for an odd prime
p and integer k > 1, and it is simple cyclic if and only if n = 2,p, or 2p.

We recall all the necessary number field notation in Section [6 Further, we com-
ment on well-roundness properties of such cyclic lattices Ax and discuss some
non-cyclotomic examples (Remark [6.1). We are now ready to proceed.

2. APPROXIMATIONS BY CIRCULANT MATRICES

In this section we define circulant approximation to a matrix and use it to prove
Theorem[I.1] For an n x n real matrix A, write || A| for its Frobenius norm, i.e. the
Euclidean norm of A viewed as a vector in R" . Let { , ) stand for the corresponding

inner product on vectors and on matrices. For each vector ¢ = (c1,...,¢,) € R™,
let

ci Cp ... Cp,

Cch, C1 N Cn—1
(3) P(c) =

Cy C3 ... C1

be the corresponding n x n circulant matrix. Let

010 ... 0
001 ... 0
e B
000 ... 1
100 ... 0

be a permutation matrix of order n, then IT*¥ for 0 < k < n—1 is also a permutation
matrix.

We can now define a circulant approximation to an n X n matrix A (also called
a circulant preconditioner), as in [], [5], by P(A4) := P(cy, ..., ¢,), where

Cr = % <Aa H]Z,71> 5
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for each 1 < k < n; in other words, each entry cj of this circulant matrix is the
average of the corresponding diagonal of A wrapped around to extend to full length.
This circulant approximation P(A) was introduced by T. Chan [4], who showed that
it minimizes ||A — C|| among all circulant matrices C.

Let L C R"™ be a full-rank lattice with a basis {a1,...,a,}. Write A =
(@i ... a,) for the corresponding basis matrix. Define P4o(L) = P(AT)TZ" to
be the corresponding cyclic lattice, which we call a cyclic approximation to L. Let
us consider this construction for n = 2, in which case L = AZ?, where

air  G21 L (a1 + a2 aiz+a) o
4) A= = dso Pa(L)== Z-.
) (a1 az) (a12 a22>  and 50 Pa(L) 2 <6L12 +a21 an + 022)

We can assume that at least one of a1y + a92, @12 + a1 is nonzero: if both of them
are, replace a; with —ay (or as with —as).

Lemma 2.1. Suppose that L C R? is well-rounded and A is a minimal basis matriz.
Then L is similar to P a(L).

Proof. Assuming A as above is a minimal basis matrix is equivalent to saying that
2 2 2 2 2 2
(5) la1|[® = a1y + aiy = a3, + a3y = a2,

and cosine of the angle f(a;,as) between a; and as satisfies

costlan ap) = L@@ | _ ot +onenl 1
’ la:[[f|az|| aj, +ai; T2

Let us write

. (a1 + a2 a2+ as
B =61 b2) = (alz +az ann+ (122> ’

so P4(L) = 1 BZ?. Clearly ||b1]| = ||b2||, and so L is similar to P4 (L) if and only if
|cosO(ai,asz)| = |cosb(by, by).
Observe a basic algebraic identity for any four real numbers p, q, s, t:
(6) ii(j = g if and only if pt = gs.
Using @ along with , we notice that
2(a11 + agz)(a12 + az)
(a11 + az2)? + (a12 + az)?
(a11a91 + a12a22) + (a11a12 + az1a22)

= = cosf(a,asz),
(a7, + aiy) + (a11a22 + a12a21) (a1, az)

cosf(by,by) =

because

(a11a21 + a12a22)(ar1a22 + ar2a21) = (arnai2 + 021a22)(a%1 + a%2).
Hence L is similar to P4(L). O
Proof of Theorem[I.1, Write L = AZ? as in (), then by Lemma [2.1] L is similar
to Pa(L) as in (4)). Notice that
(7) (a11 + az2)(a12 + az1) =0

if and only if P4(L) is similar to Z?2, which is precisely M (z) as in (2]) with z = 0.
On the other hand, does not hold if and only if P 4(L) is similar to M (x) with

8) v — a12 + a2
a1+ aze’
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Suppose now that z # y are such that

)G

are minimal basis matrices for M (x) and M (y), respectively, and M (z) is similar
to M(y). Then absolute values of cosines of the angles between these minimal basis
vectors are equal and < 1/2, in particular

2al _ 2y
24+1 Y241
This is true if and only if y = —z or y = +1/2. Hence, to ensure uniqueness, we
can take 0 < x < 1. Additionally, we need
2z 1
<,
2+17 2

which means 0 < x < 2 — /3. Combining this with the case x = 0 completes the
proof of the first part of the theorem. The second part follows from the fact that x
is given by either + the expression in or its inverse, which therefore lies in the
same field that contains a;;’s. O

Remark 2.1. There is a standard parameterization of well-rounded similarity classes
in the plane by lattices of the form

Aa,b) = <é Z) 72,

where 0 < a < 1/2 with a® 4+ b? = 1 (see, for instance, [12]). However, if a lattice L
is similar to some such A(a,b), they are not necessarily defined over the same field,
unlike the parameterization of our Theorem [1.1

Our observations above imply, in particular, that in R? well-rounded lattices
are always similar to cyclic lattices. Unsurprisingly, this is not true in higher
dimensions.

Lemma 2.2. A well-rounded lattice of rank > 3 is not necessarily similar to a
cyclic lattice.

Proof. We can give a simple dimensional argument. First, consider the set WR,.,
i.e. similarity classes of WR lattices with a basis of minimal vectors. For all n > 2,
the set WR, is determined by n x n matrices A = (a;;) with

n
CL11:1, a21:~-~:an1:0, E a?j:1V2§i§n,
j=1
also satisfying some inequalities. Since inequalities do not reduce the dimension,
this space has dimension

n?—n—(n—-1)=(n-1)>=2.

Of course, for n > 5, WR!, # WR,,, however each WR, lattice L has only finitely
many sublattices with a basis consisting of some minimal vectors of L, and each
WR lattice with a basis of minimal vectors is contained in only finitely many WR
lattices with these vectors among the minimal (see [23]). Hence, the sets WR,, and
WR,! have the same dimension.
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On the other hand, the space of similarity classes of cyclic lattices in R™ is
determined by n x n matrices A = (a;;) with

CL11:1, azJ:/ﬂ(all)V2§z§n
This space has dimension
n—1<(n—-1>2Vn>3.

Thus the space of WR similarity classes is too big to be parameterized by cyclic
lattices. Notice, however, that when n = 2 these dimensions coincide. ([

3. COUNTING WR SIMILARITY CLASSES
Let K be a number field of degree d := [K : Q] > 1. We write
M(K) = Moo (K) U My (K),
for the set of places of K, split into the subsets Mo, (K) of archimedean and M (K)
of non-archimedean places. The archimedean places correspond to the embeddings
01y...,0q4: K —=C
of K as usual: My (K) = {v : v = v(0;) for some 1 < i < d}, where for each
1<i<dand z € K,
1Zlo(0,) = loi(@)| = |5i(2)| = |2|o(s,)

since complex conjugate embeddings give rise to the same place (we regard places
in M. (K) without repetition). We order the embeddings so that o1 extends to
the identity map on C and so v; = v(oy1) is the place corresponding to it. For
each v € M(K) let d, = [K, : Q,] be the local degree, then for each u € M(Q),
Zv|u d, = d. We normalize the absolute values so that for each nonzero z € K the
product formula reads

Il =

veM(K)
Let n > 2, and for any place v € M(K) and = (21,...,2,) € K™ we define the
corresponding sup-norm |x|, = max{|z1|y, .., |Zn|p}. Then the height H : K™ —

R is given by
H(x) = H |z| .
veEM(K)
The Weil height h : K — R>; is then defined by h(x) = H(1,z). This height is
absolute, meaning that H(x) is the same when computed over any number field K
containing the coordinates of @: this is due to the normalizing exponent 1/d in the
definition.
We also define local and “anti-local” heights following [21]. Let « € Q" and let

K’ be an extension of K containing the coordinates of . For each archimedean
v € M(K), define

H,(z) = [T 1=, B @) = I =,

weM (K'),w|v weM (K'),wtv

so that H(x) = H,(x)H"(x).
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Lemma 3.1. Let K be a number field of degree d and o € Q. Let K' = K(a) and
let w € Moo(K). For real T > 1, define
Sk (o, T) ={x € K : [zfy < |afu,h(z) <T}.
Then -
S, )] < (1442 (Th(a))?) .
Proof. Define
Sk (a,T)={z € K : |z|y, < |a|y, H(a,z) < T},
and notice that for « € Sk (a,T), we have
Th(a) > h(x)h(a) > H(a, ),
which means that |Sk (o, T)| < |S% (o, Th(e))|. Notice that
H(a,z) = Hy(o,2)H* (o, ),

and so

elu <lafu & Hu(ax) = [ max{|ale, |z},)*F

weM(K')wl|u
< ol R 2 0l = Ay,

Hence

Sic(a, Th(a)) = {z € K : Hy(,2) < H,(a), H(a,z) < Th(a)},
and so if
(9) H, (o, z) < Hy(a), H*(a,x) < Th(a)H" (),

then = € Sh (o, Th(w)), since H(a) = H*(a)H"(or) = 1 by the product formula.
Let Nk (a, T) be the number of elements « € K satisfying conditions (9)), then

Sk (c, T)| < |9k (@, Th(a))| < Nk (@, T),
and by the Proposition in Section 3 of [21],

Ni(a,T) < \/% (14 42D (Th(a))*).

This completes the proof of the lemma. O

Proof of Theorem[1.4 By Theorem
1
{(L) defined over K : H(L)) < T}| = 5 Hx €K :|ay, <2 V3, h(z) < T} ,

where 1/2 accounts for the fact that we are only considering positive . The theorem
then follows from Lemma [3.1] combined with the fact that

h(2—+V3) = H max{1,|2—\/§|y}dv/2: Hmax{1,|2—\/§|v}l/2

vEM(Q(V3)) vloo

= maX{l,Q — \/§}1/2max{1,2+ \/5}1/2 =1\2+ V3.
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Remark 3.1. We can compare the estimate of Theorem [I.2]in case K is a quadratic
number field to the estimate obtained in [I2]. As indicated in [I2], an arithmetic
well-rounded lattice in the plane is of the form

1 a
Lot =y o ) 22
b

where a,b € Z are relatively prime with 0 < a < b/2, or a = 0,b = 1. These are
precisely WR lattices similar to those with integer-valued quadratic norm forms.
Such a lattice L(a,b) is similar to the cyclic lattice M (x) as in (2]) with
a

10) TR @+t

Notice that for = as in (I0), h(z) is of the order of magnitude O(V/b). Then
bounding b by T, the upper bound of our Theorem grows like O(T?), which is
consistent with the growth order of N3(T') in Theorem 1.1 of [I2]. On the other
hand, N3(T) counts all arithmetic lattices with b < T, whereas our Theorem [1.2
counts only those defined over a fixed number field. The difference, however, is that
the set of WR lattices defined over a fixed quadratic field is far more general than
those corresponding to x as in , i.e. not nearly all of them are arithmetic. For

instance, WR lattices
1 L 1 1
V5 2+v5

are defined over Q(1/5), but are not arithmetic.

4. CYCLIC LATTICES

In this section we discuss some basic properties of cyclic lattices. Let ¢ € R™ be
a nonzero vector and P(e) be the corresponding circulant matrix as in (3)). Let us
write

(11) c(x) = chxkfl
k=1

for the polynomial of degree n—1 with ¢ for the coefficient vector. It is a well-known
fact that

(12) detP(c) = ﬁ c(wl),

where w,, is a primitive n-th root of unity. Therefore P(c) is singular if and only
if ¢(x) is divisible by some cyclotomic polynomial ®4(z) for d | n. Otherwise, the
simple cyclic lattice A(c) = P(c)TZ" has full rank.

Lemma 4.1. A full-rank lattice L C R™ is cyclic if and only if its dual L* is cyclic.
Further, L is simple cyclic if and only if L* is simple cyclic.

Proof. Recall that
L*={xeR": (zx,y)cZVyeL}.
Assume that L is cyclic. Let « € L* and y € L, then
(p(x),y) = Tpy1 + 21y2 + T2y + - + Tpo1yy = (x,p ' (y)) € Z,
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since p~t(y) = p" " !(y) € L. Thus p(x) € L* for every € L*, hence L* is cyclic.
Conversely, suppose L* is cyclic, then L = (L*)* is cyclic by the argument above.
Now suppose L is simple cyclic. Then L = P(c)"Z" for some ¢ € L, and so

-T
L*=(P(e)") zZ"=P(e)'Z"
Since the transpose and inverse of a circulant matrix are both also circulant, we can
conclude that L* has a circulant basis matrix, and hence L* is also simple cyclic.

Conversely, if L* is simple cyclic, then L = (L*)* is simple cyclic by the argument
above. d

Cyclic sublattices of Z™ can be constructed algebraically. Indeed, let R, be
the quotient ring Z[x]/ (x™ — 1) and define a map ¢ : R, — Z™ which sends a
polynomial e(z) = Y__, cxz*~1 € R, to its vector of coefficients ¢ € Z". The map
¢ is a free Z-module isomorphism, which maps ideals in R, to sublattices in Z™.
In fact, a sublattice L C Z™ is cyclic if and only if L = ¢(I) for some ideal I C R,;:
the cyclic rotation operator p on Z" corresponds to multiplication by z in R, i.e.,

p(ze(z)) = p(e).
Further details on cyclic sublattices of Z™ that were extensively studied in the con-
text of lattice cryptography can be found in [25] and [27]. In fact, cyclic sublattices
of Z™ are a special case of the more general class of ideal lattices from quotient
polynomial rings (see [22] and [7] for more details on these). The following simple
observation will be useful to us (see also Propositions 2.1 and 2.2 of [7]). We provide
a proof here for self-containment.

Lemma 4.2. Let I = (c(x)) be an ideal in R, = Z[z]/ (™ —1). Then ¢(I) =
A(e) CZ" has full rank if and only if c(x) is not a zero-divisor in R.

Proof. The polynomial ¢(z) is not a zero-divisor in R,, if and only if for any nonzero
— N k—1
a(r) =3 ,_jax" " € Ry,

a(z)e(z) =Y ara*le(x) #0.
k=1
This is equivalent to the statement that
Zakpkfl(c) #0
k=1

in A(c) = ¢(I), ie. c,p(c),...,p" 1(c) are linearly independent, meaning that
A(e) has full rank. O

Lemma 4.3. A full-rank sublattice L C Z™ is simple cyclic if and only if L = ¢(I)
where I C R, is a principal ideal such that the quotient ring R, /I is finite.

Proof. A sublattice L C Z" is cyclic if and only if L = ¢(I) for some ideal I C R,
and

[Bn /1| = [6(Rn)/o(D)] = |27 /L]
Hence R, /I is finite if and only if L is a full-rank sublattice of Z". Further, L = A(c)
for some ¢ € Z™ if and only if I = (¢(z)), i.e. I is principal. O

Corollary 4.4. A full-rank sublattice L C Z"™ is simple cyclic if and only if L =
o((c(x))) where c(x) € R, is not a zero-divisor.
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Proof. Combine Lemmas [4.2] and [£-3] O

Remark 4.1. Recall that
" —1= Hfl)d(:r),
d|n

where ®4(x) stands for d-th cyclotomic polynomial. Then it follows from [28] (The-
orem A combined with Theorem 1.2) that the number of ideals in R,, (hence the
number of cyclic sublattices of Z") with index < T grows like O (T'(log 7)™ ~1) as
T — o0, where 7(n) is the number of divisors of n (see also Theorem 2.3 of [14] for a
convenient formulation). Simple cyclic sublattices of full rank correspond to princi-
pal ideals of finite index, and hence their number also grows like O (T'(log T')™(™~1).
This follows from the proof of Theorem 2.3 of [14], since every ideal class in R,
contributes equally to the total number of ideals of bounded index[]

5. CYCLIC REPRESENTATION OF ROOT LATTICES

In this section we focus on the cyclic properties of the standard root lattices, in
particular proving Theorem |1.3

Lemma 5.1. The root lattice

n+1
A, = {weZ"H : Z%—:O}

i=1
and its dual AY, are simple cyclic lattices of rank n in R"*1 for each n > 2.

Proof. Write > (x) for the sum of all the coordinates of the vector x, and notice
that > () = > (p(x)) for any vector & € R™ for any n > 1. Then the lattice A, is
closed under p : R**! — R?*! and hence is a cyclic lattice of rank n in R"*!. In
fact,

A, = spang {a, p(a),...,p" " '(a)}
for the vector @ = (1,—1,0,...,0)T, hence it is simple cyclic.

Let us write 1,41 for the vector in R™*! with all the coordinates equal to 1
and 1#+1 for the co-dimension one subspace of R"*! orthogonal to 1,,y1. Then
A, = 1, NZ"* and A} is the orthogonal projection of Z"*! onto 15, ;. As
described in Proposition 4.2.3 of [24], A% is generated by the vectors

Y= (n+1)ei—1p41), 1<i<n+1,

n+1

which are rotation shifts of y;. Hence A? is also simple cyclic in R" . O

Lemma 5.2. The root lattice

D, = {ac ez : ixz =0 (mon)}

i=1

is cyclic in R™ for each n > 2. It is simple cyclic if and only if n is odd.

LThis observation is due to Stefan Kiihnlein.
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Proof. Since > () = > (p(x)) for any x € R™, we see that D,, is cyclic. Let n > 3
be odd, and take ¢ = (1,1,0,...,0)" € D,,. We will show that D, = P(c)'Z".
Recall that det D,, = 2, hence it is sufficient to show that det P(c)" = £2. Notice
that

100 ... 01
110 ..00
011 ...00
P(e)" =
000 ... 10
000 ... 11

Performing the Laplace expansion along the first row and keeping in mind that n
is odd, we see that det P(c)" = 2, and hence D,, = A(c).

Now suppose n > 2 is even. Arguing toward a contradiction, suppose that there
exists some ¢ € D,, such that D,, = A(c). Let ¢(z) be as in (1)), then by (12)),

detP(c) = H c(w?) = +det D, = +2.
j=1

In particular, 1 = w) and —1 = w:f/Q are both n-th roots of unity, and so ¢(1)e(—1)
is a nonzero integer. Then the remaining product

n—1
2

I ewl)= *ee(=D)

=1, %3
but this product is also an algebraic integer, hence it is in Z. This means that
le(1)e(—1)| < 2. On the other hand, ¢(1) = > | ¢; is even, since ¢ € D,,, thus
c(1l) = £2 and so ¢(—1) = £1. Let « be the sum of coefficients of ¢(z) in front of
even powers of z and 8 be the sum of coefficients in front of odd powers of z, then

2le(l)=a+0, 2te(-1)=a -5,

implying that 2t ¢(1) + ¢(—1) = 2a. This is a contradiction, and hence D,, is not
simple cyclic. Il

€Q,

Remark 5.1. The cyclic lattice A,, can be constructed from the ideal (x — 1) of
rank n in R,y = Zlx]/ <x"+1 — 1> and D,, from an ideal of full rank in R, =
Z[z]/ (™ — 1), as we discussed in Section The lattices A, (in R"*!) and D,, for
odd n are simple cyclic; the latter one can also be easily obtained from the ideal
(x 4+ 1) in R, (see also Propositions 4.5 and 4.2 of [7]). However, D,, for even n is
of full rank but not simple cyclic, and hence cannot come from a principal ideal in
R,,, by Lemma [3] In fact, it can easily be seen as the image under ¢ of the ideal

I=2,2+1)=(a" " +2" 2 2" ' +1) C R,.

This can be compared to Proposition 4.4 of [7], where D,, for even n > 4 is obtained
as the image of the principal ideal (z + 1) in Z[z]/ (™ + 1) under the same kind of
coefficient embedding into Z™.

Lemma 5.3. The lattice Eg is cyclic, but not simple cyclic. The lattices Eg and
E; are not cyclic.
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Proof. Recall that the lattice Eg can be defined as
1
FEs = DgU (218 +D8> .

Notice that the vector 1g is invariant under p, and hence %18 + Dy is closed under
p, as is Dg. This means that Fg is cyclic. On the other hand, if ¢ € Eg, then either
cecDgorce %18 + Ds. If ¢ € Dg, then A(e) C Dg, so A(c) # Es. We now argue
similarly to our proof of Lemma above. Suppose that ¢ € %18 + Dg is such that
A(c) = Es, then ¢ = %18 + ¢’ for some ¢’ € Dg, and

8
(13) [] elwd) = +det B =

Notice that
8
-1
Z o+ (x) = gy +¢(@).

for all z # 1, and so ¢(w}) = ¢ (wg) €Zforevery 1 <j <7andc(l)=4+c(1).
In order for to hold, we must in particular have
c(l)e(=1) =4+ (1) (=1) = £1.

However, ¢/(1) and ¢/(—1) must both be even, since ¢’ € Ds. This is a contradiction,
and hence Fg is not simple cyclic.

The root lattices F7 and Eg can be described as sublattices of Fg orthogonal to
the vector e; 4+ eg and to the pair of vectors e; + eg, eg + eg, respectively. These
lattices are not cyclic, since the spaces

spang{er + es}, spang{er + es,eq + es}
are not closed under p. For instance, € = e4 + e5 € E7 N Eg, however p(x) ¢ Eg
and p?(x) & Er. O

Proof of Theorem[1.3 The theorem follows by combining Lemmas [5.1} [5.2] and [5.3 -
with Lemma (4]

6. NUMBER FIELD LATTICES

Yet another important class of lattices comes from rings of integers of number
fields. In this section we classify those of them that are cyclic, proving Theorem [1.4]
As in Section [3] let K be a number field of degree d = ry + 2ry with embeddings

01,...,0q9: K —=C,
where r; of them are real and 2ry are complex, split into conjugate pairs. Then

Kgr = K ®g R can be viewed as a subspace of R™ x C?"2 C C%, given by (up to a
permutation of the coordinates)

{(z,y) e R™ x C* gy =7; V1<j< ra} 2R x C™ C c.

Notice that in this last containment, we identify each copy of R with the real part
of the corresponding copy of C. It is a Euclidean space with respect to the bilinear
form induced by the trace-form {(«, ) on the number field K:

(14) (o, B) == Trg(af) €R
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for any «, 8 € K, where Trg stands for the usual trace map on the number field K.
We can define the embedding

ZK:(Ul,...,Ud)ZK;)KR

of K into Kr. The ring of integers Ok becomes a lattice of full rank in Kg under
this embedding, and we write Ak for the image X i (Ok). An equivalent description
of Ak is as a free Z-module Ok equipped with the bilinear form (-,-) we defined
in . It is easy to verify that («, ) is equal to the usual dot product of the
vectors L (o) and Y (8) in Kg. We write Aut(Ag) for the automorphism group
of the lattice Ak, i.e. the group of isometries of this trace-induced bilinear form.

Lemma 6.1. Suppose K/Q is a Galois extension with the Galois group G. Then
G < Aut(Ag).

Proof. Notice that all the embeddings of K are precisely the elements of G, and
for every 7 € G and «, 8 € Ok,

(r(),7(8)) = Trx(r(aB)) =) or(ah)

ceG
= ZU(QB):TYK(QB): <O"6>7
ceCG

since right-multiplication by 7 simply permutes elements of G. Therefore G is a
subgroup of Aut(Ak). O

Notice, however, that Aut(Ax) can be quite a bit larger than the Galois group
of K/Q. For example, Ag; is similar to 72, which has automorphism group of
order 8, and Ag /=3 is similar to the hexagonal lattice, which has automorphism
group of order 12; in both cases, Galois groups of the quadratic fields have order 2.
Hence there are often automorphisms of the lattice that do not come from the
Galois action. This observation raises a question: if Ak is cyclic, does the cyclic
shift operator p necessarily come from the Galois action? In the next lemma we
answer this question in the affirmative. To avoid ambiguity, in this section we view
lattices as cyclic under the rotational shift operator p as in but on C?.

Lemma 6.2. Suppose K/Q is a Galois extension with Galois group G. Then A
is cyclic (for an appropriate ordering of the embeddings) if and only if K/Q is a
cyclic extension with G = (o), where the automorphism o : K — K is such that

(15) p(Ek(@)) = Xk(o(a)),
for every a € Ok.
Proof. Suppose first that Ag is cyclic, then for any a € Ok,

plo1(a),...,04(a)) = (ogq(a),o1(a),...,00-1(a)) € Ak.
This means that o4(a) € Ok and

o104(a) = o4(a), o00q(a) = o1(a),...,05(a) = 04_1(a),
for all @ € Ok. Then o7 is the identity map, and

0204 = 01,0304 = 02,0404 = 03,...,05 = 0q_1.

This implies that
oj =08 v1<j<d—1,
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and the action of p on Ak is given by the action of o4 on Ok as specified in (L5).
On the other hand, suppose that K/Q is cyclic with Galois group G = (o) so
that the embeddings are ordered as

(16) oj =0T V1<j<d—1.
Then for any 3(«) € Ak, we have
p (0,07 (a), 0" 2(a), ... 0(0) = (0(a), a0 (a),...,0%(a))
= ZK(O'(Oé)) (S AK,
and so Ak is closed under p, hence is cyclic. [l

In fact, one can also ask which of these cyclic lattices of the form A are simple
cyclic. We discuss this next. A normal basis for a Galois number field K is a basis
consisting of all conjugates of one algebraic number, and a normal integral basis
for K is a Z-basis like this for Og. The normal basis theorem guarantees that
every number field has a normal basis, however having a normal integral basis is
a much more delicate property. The finite Galois extension K/Q is called tamely
ramified if all the ramification indices for every rational prime p are relatively
prime with p. The Hilbert-Speiser theorem asserts that an abelian number field
(i.e. Galois number field with abelian Galois group) has a normal integral basis if
and only if it is tamely ramified (see, for instance, Chapter 9 of [20] for the details).

Lemma 6.3. Let K be a cyclic Galois number field. Then the lattice Ak is simple
cyclic (for an appropriate ordering of the embeddings) if and only if K/Q is tamely
ramified.

Proof. Let d = [K : Q] and G = (o) be the Galois group of K/Q. Let o1,...,04
be the embeddings of K, ordered as in . By the Hilbert-Speiser theorem K/Q
is tamely ramified if and only if K has a normal integral basis. First assume that
such a basis exists, i.e. 1(0),...,04(0) form a Z-basis for Ok for some 6 € Ok.
Notice that

Y(01(0)),...,2(04(0))
forms a basis for Ag. Now for each 1 < j < d,
Sr(0j(0)) = Sx(@®7H9) = p(Sk(0?7(6)))
= PEx@7H) = = p" I (Zx(0(9)) = pT T (K (9)),
by recursive application of . Therefore A is spanned by the basis
EK(H)v p(EK(e)) ) pdil(zK(G))a

and hence it is simple cyclic.
Next suppose Ak is simple cyclic, then

A = SpanZ{ma p(CE)7 s 7pd71(x)}
for some x € Ag. Let 6 € Ok be such that Xk (0) = @, then
Sk(0),p(3k(0)) ..., 0" (Sk(6))
is a basis for Ag, where for each 1 < j < d,
Sk (05(0)) = p" TSk (6)),

as we derived above. Therefore 1(0),...,04(0) form a Z-basis for Ok, i.e. K has
a normal integral basis. O



16 LENNY FUKSHANSKY AND DAVID KOGAN

An example of a family of such number fields comes from the cyclotomic fields.

Corollary 6.4. Let K = Q((,) be n-th cyclotomic field. There exists an ordering
of the embeddings

O15--+50¢(n) K —C,
for which the lattice A = Y (Ox) is cyclic if and only if n = 2,4,p* or 2pF
for some odd prime p and positive integer k. Further, the cyclotomic lattice Ag is
simple cyclic if and only if n = 2,p, or 2p for an odd prime p.

Proof. Recall that K/Q is Galois with the Galois group G = (Z/nZ)*, which is
cyclic if and only if n = 2,4, p* or 2p* for some odd prime p and positive integer
k: these are precisely the values of n for which primitive roots modulo n exist. If
G = (o) is cyclic, order the embeddings as in , and the first statement follows
from Lemma Further, the cyclotomic field K = Q({,) is tamely ramified if
and only if n is squarefree. Thus for K to be cyclic and tamely ramified, n must
be equal to 2,p, or 2p for an odd prime p. The second assertion then follows by

Lemma O
Proof of Theorem[1.]} The theorem now follows from Lemmas and Corol-
lary O

Remark 6.1. It is known that the lattice Ag is well-rounded if and only if K is
a cyclotomic field: this was proved in [16] for a slightly different embedding, but
the argument is identical for our embedding X (see Lemma 7.1.5 of [I8]). Hence
the only cyclic well-rounded lattices of the form Ay are those characterized in
Corollary while there are also other cyclic lattices Ax (from non-cyclotomic
cyclic extensions) that are not well-rounded. Indeed, consider for example the real
quadratic (hence cyclic) extension Q(v/5)/Q. It is tamely ramified, and hence has

a normal integral basis
1+v5 1-+/5

2 2
Thus Ak is simple cyclic by Lemma however it is not well-rounded: its only

. 1 - .
minimal vectors are + 1 (on the other hand, it is stable). In fact, any quadratic

number field Q(v/D) for squarefree D is cyclic, thus (when D # —1, —3) gives rise
to a non-well-rounded cyclic lattice (although not necessarily simple cyclic like in
the example above, e.g. if D # 1 (mod 4) then Q(v/D) is not tamely ramified).
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