Midterm - M601
Name: _____________________SOLUTION_______________________________

Disclaimer: This is to be treated as a sketch of solutions, where some easy details have been omitted. For instance, in a few places I say that something is easy to check; you would actually need to show this work on the test.
#1. (25 points) Let A =
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, where a is a real number.
a) Find a such that det(A) = 2, and find adjoint of A and the inverse of A for this choice of a. Explain.
b) Let A be as in part a. Find all eigenvalues of A. Explain.
Solution:
a) (15 points) det(A) = -2a – 4 = 2, therefore a = -3, hence A =
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adj (A) = 
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b) (10 points) The characteristic polynomial of A is
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therefore eigenvalues of A are
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#2. (35 points) Let S be a subspace of C [0, 1] spanned by
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. Let D be a linear transformation from S to R
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 given by
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for each f(x) in S.

a) Prove that D is onto (i.e. that D(S) = R
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), and find the kernel of D. Explain.

b) Find the matrix representing D with respect to the ordered basis {
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,
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,

1

} on S and the standard basis on R
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. Explain.

Solution:
a) (20 points) Let 
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, then f(x) = a sin x – b cos x is in S, and it is easy to see that D(f) = 
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 there is an f in S such that D(f) = x, therefore D is onto. Now, ker (D) = { f(x) in S : D(f) = 0 }, i.e. f’(0) = 0, f’’(0) = 0, which means that f(x) must be of the form f(x) = a, where a is a real number, in order to be in ker(D). Hence ker(D) = { f(x) = a : a is in R }.
b) (15 points) First of all it is easy to see that {
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} is in fact a basis of S – the Wronskian is not 0, hence they are linearly independent, and so are a basis for their span, which is S. Then let f(x) be in S, so 

f(x) = a + b sin x + c cos x 

for some real numbers a, b, c; thus the vector that represents f(x) with respect to the basis {
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, and so the matrix we are looking for is a 3 x 2 matrix A such that  
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#3. (40 points) Let A =
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a) Find the rank and the nullity of A. Explain.

b) Find all eigenvalues of A. Explain.
c) Consider the system of linear first order differential equations whose coefficient matrix is A. Find the general solution for this system. Explain.
Extra credit question: Is A diagonalizable?
Solution:

a) (10 points) It is easy to notice that A is similar to the matrix B =
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, in fact B is the reduced row echelon form of A. Then rank and nullity of A are the same as those of B, which are 2 and 2 respectively.

b) (10 points) Notice that
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and so the eigenvalues of A are:
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c) (20 points) Recall that if 
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 is an eigenvalue of A of multiplicity 2 with corresponding eigenvector v, then the solution corresponding to 
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 is of the form 
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Notice that the eigenspace corresponding to the eigenvalues 
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 is just the nullspace of A, which is equal to the span of
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. One can also check that the vector 
[image: image31.wmf]÷

÷

÷

÷

÷

ø

ö

ç

ç

ç

ç

ç

è

æ

+

-

=

7

2

2

3

1

3

v

 spans the eigenspace corresponding to the eigenvalue 
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is of the form
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where the vectors 
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Extra credit: Let C be the matrix whose column vectors are 
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. One can check that det(C) = 0, but this means that A does not have 4 linearly independent eigenvectors, since every eigenvector of A must either be a linear combination of 
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Therefore, by Theorem 6.3.2 on p.339 in the book, A is not diagonalizable.
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