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We assume RH throughout.

F (α) = F (α,T ) =
( T

2π
logT

)−1 ∑
0<γ≤T
0<γ′≤T

T iα(γ−γ′)w(γ − γ′)

w(u) = 4/(4 + u2). F (α) ∈ R, F (−α) = F (α), F (α) ≥ 0,

F (α) = (1 + o(1))T−2|α| logT + |α|+ o(1) (−1 ≤ α ≤ 1)

Conjecturally, F (α) ∼ 1 as T →∞, uniformly for 1 ≤ |α| ≤ A
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Conjectural Pair Correlation

F̂ (t)



Test Functions
r ∈ L1(R),

r continuous, r̂ ∈ L1(R), r(u) =
∫
R r̂(α)e(uα) dα

r
(γ − γ′

2π
logT

)
=

∫
R
r̂(α)T iα(γ−γ′) dα

∑
0<γ≤T
0<γ′≤T

r
(γ − γ′

2π
logT

)
w(γ − γ′) =

( T

2π
logT

)∫
R
r̂(α)F (α) dα

Simple Zeros
1. r(0) = 1
2. r(u) ≥ 0 for all u
3. supp r̂ ⊆ [−1, 1]∑

0<γ≤T
γ distinct

m(ρ)2 =
∑

0<γ≤T
0<γ′≤T

1 ≤
∑

0<γ≤T
0<γ′≤T

r
(γ − γ′

2π
logT

)
w(γ − γ′)

=
( T

2π
logT

)∫
R
r̂(α)F (α) dα



Test Functions
r ∈ L1(R), r continuous,

r̂ ∈ L1(R), r(u) =
∫
R r̂(α)e(uα) dα

r
(γ − γ′

2π
logT

)
=

∫
R
r̂(α)T iα(γ−γ′) dα

∑
0<γ≤T
0<γ′≤T

r
(γ − γ′

2π
logT

)
w(γ − γ′) =

( T

2π
logT

)∫
R
r̂(α)F (α) dα

Simple Zeros
1. r(0) = 1
2. r(u) ≥ 0 for all u
3. supp r̂ ⊆ [−1, 1]∑

0<γ≤T
γ distinct

m(ρ)2 =
∑

0<γ≤T
0<γ′≤T

1 ≤
∑

0<γ≤T
0<γ′≤T

r
(γ − γ′

2π
logT

)
w(γ − γ′)

=
( T

2π
logT

)∫
R
r̂(α)F (α) dα



Test Functions
r ∈ L1(R), r continuous, r̂ ∈ L1(R),

r(u) =
∫
R r̂(α)e(uα) dα

r
(γ − γ′

2π
logT

)
=

∫
R
r̂(α)T iα(γ−γ′) dα

∑
0<γ≤T
0<γ′≤T

r
(γ − γ′

2π
logT

)
w(γ − γ′) =

( T

2π
logT

)∫
R
r̂(α)F (α) dα

Simple Zeros
1. r(0) = 1
2. r(u) ≥ 0 for all u
3. supp r̂ ⊆ [−1, 1]∑

0<γ≤T
γ distinct

m(ρ)2 =
∑

0<γ≤T
0<γ′≤T

1 ≤
∑

0<γ≤T
0<γ′≤T

r
(γ − γ′

2π
logT

)
w(γ − γ′)

=
( T

2π
logT

)∫
R
r̂(α)F (α) dα



Test Functions
r ∈ L1(R), r continuous, r̂ ∈ L1(R), r(u) =

∫
R r̂(α)e(uα) dα

r
(γ − γ′

2π
logT

)
=

∫
R
r̂(α)T iα(γ−γ′) dα

∑
0<γ≤T
0<γ′≤T

r
(γ − γ′

2π
logT

)
w(γ − γ′) =

( T

2π
logT

)∫
R
r̂(α)F (α) dα

Simple Zeros
1. r(0) = 1
2. r(u) ≥ 0 for all u
3. supp r̂ ⊆ [−1, 1]∑

0<γ≤T
γ distinct

m(ρ)2 =
∑

0<γ≤T
0<γ′≤T

1 ≤
∑

0<γ≤T
0<γ′≤T

r
(γ − γ′

2π
logT

)
w(γ − γ′)

=
( T

2π
logT

)∫
R
r̂(α)F (α) dα



Test Functions
r ∈ L1(R), r continuous, r̂ ∈ L1(R), r(u) =

∫
R r̂(α)e(uα) dα

r
(γ − γ′

2π
logT

)
=

∫
R
r̂(α)T iα(γ−γ′) dα

∑
0<γ≤T
0<γ′≤T

r
(γ − γ′

2π
logT

)
w(γ − γ′) =

( T

2π
logT

)∫
R
r̂(α)F (α) dα

Simple Zeros
1. r(0) = 1
2. r(u) ≥ 0 for all u
3. supp r̂ ⊆ [−1, 1]∑

0<γ≤T
γ distinct

m(ρ)2 =
∑

0<γ≤T
0<γ′≤T

1 ≤
∑

0<γ≤T
0<γ′≤T

r
(γ − γ′

2π
logT

)
w(γ − γ′)

=
( T

2π
logT

)∫
R
r̂(α)F (α) dα



Test Functions
r ∈ L1(R), r continuous, r̂ ∈ L1(R), r(u) =

∫
R r̂(α)e(uα) dα

r
(γ − γ′

2π
logT

)
=

∫
R
r̂(α)T iα(γ−γ′) dα

∑
0<γ≤T
0<γ′≤T

r
(γ − γ′

2π
logT

)
w(γ − γ′) =

( T

2π
logT

)∫
R
r̂(α)F (α) dα

Simple Zeros
1. r(0) = 1
2. r(u) ≥ 0 for all u
3. supp r̂ ⊆ [−1, 1]∑

0<γ≤T
γ distinct

m(ρ)2 =
∑

0<γ≤T
0<γ′≤T

1 ≤
∑

0<γ≤T
0<γ′≤T

r
(γ − γ′

2π
logT

)
w(γ − γ′)

=
( T

2π
logT

)∫
R
r̂(α)F (α) dα



Test Functions
r ∈ L1(R), r continuous, r̂ ∈ L1(R), r(u) =

∫
R r̂(α)e(uα) dα

r
(γ − γ′

2π
logT

)
=

∫
R
r̂(α)T iα(γ−γ′) dα

∑
0<γ≤T
0<γ′≤T

r
(γ − γ′

2π
logT

)
w(γ − γ′) =

( T

2π
logT

)∫
R
r̂(α)F (α) dα

Simple Zeros

1. r(0) = 1
2. r(u) ≥ 0 for all u
3. supp r̂ ⊆ [−1, 1]∑

0<γ≤T
γ distinct

m(ρ)2 =
∑

0<γ≤T
0<γ′≤T

1 ≤
∑

0<γ≤T
0<γ′≤T

r
(γ − γ′

2π
logT

)
w(γ − γ′)

=
( T

2π
logT

)∫
R
r̂(α)F (α) dα



Test Functions
r ∈ L1(R), r continuous, r̂ ∈ L1(R), r(u) =

∫
R r̂(α)e(uα) dα

r
(γ − γ′

2π
logT

)
=

∫
R
r̂(α)T iα(γ−γ′) dα

∑
0<γ≤T
0<γ′≤T

r
(γ − γ′

2π
logT

)
w(γ − γ′) =

( T

2π
logT

)∫
R
r̂(α)F (α) dα

Simple Zeros
1. r(0) = 1

2. r(u) ≥ 0 for all u
3. supp r̂ ⊆ [−1, 1]∑

0<γ≤T
γ distinct

m(ρ)2 =
∑

0<γ≤T
0<γ′≤T

1 ≤
∑

0<γ≤T
0<γ′≤T

r
(γ − γ′

2π
logT

)
w(γ − γ′)

=
( T

2π
logT

)∫
R
r̂(α)F (α) dα



Test Functions
r ∈ L1(R), r continuous, r̂ ∈ L1(R), r(u) =

∫
R r̂(α)e(uα) dα

r
(γ − γ′

2π
logT

)
=

∫
R
r̂(α)T iα(γ−γ′) dα

∑
0<γ≤T
0<γ′≤T

r
(γ − γ′

2π
logT

)
w(γ − γ′) =

( T

2π
logT

)∫
R
r̂(α)F (α) dα

Simple Zeros
1. r(0) = 1
2. r(u) ≥ 0 for all u

3. supp r̂ ⊆ [−1, 1]∑
0<γ≤T
γ distinct

m(ρ)2 =
∑

0<γ≤T
0<γ′≤T

1 ≤
∑

0<γ≤T
0<γ′≤T

r
(γ − γ′

2π
logT

)
w(γ − γ′)

=
( T

2π
logT

)∫
R
r̂(α)F (α) dα



Test Functions
r ∈ L1(R), r continuous, r̂ ∈ L1(R), r(u) =

∫
R r̂(α)e(uα) dα

r
(γ − γ′

2π
logT

)
=

∫
R
r̂(α)T iα(γ−γ′) dα

∑
0<γ≤T
0<γ′≤T

r
(γ − γ′

2π
logT

)
w(γ − γ′) =

( T

2π
logT

)∫
R
r̂(α)F (α) dα

Simple Zeros
1. r(0) = 1
2. r(u) ≥ 0 for all u
3. supp r̂ ⊆ [−1, 1]

∑
0<γ≤T
γ distinct

m(ρ)2 =
∑

0<γ≤T
0<γ′≤T

1 ≤
∑

0<γ≤T
0<γ′≤T

r
(γ − γ′

2π
logT

)
w(γ − γ′)

=
( T

2π
logT

)∫
R
r̂(α)F (α) dα



Test Functions
r ∈ L1(R), r continuous, r̂ ∈ L1(R), r(u) =

∫
R r̂(α)e(uα) dα

r
(γ − γ′

2π
logT

)
=

∫
R
r̂(α)T iα(γ−γ′) dα

∑
0<γ≤T
0<γ′≤T

r
(γ − γ′

2π
logT

)
w(γ − γ′) =

( T

2π
logT

)∫
R
r̂(α)F (α) dα

Simple Zeros
1. r(0) = 1
2. r(u) ≥ 0 for all u
3. supp r̂ ⊆ [−1, 1]∑

0<γ≤T
γ distinct

m(ρ)2

=
∑

0<γ≤T
0<γ′≤T

1 ≤
∑

0<γ≤T
0<γ′≤T

r
(γ − γ′

2π
logT

)
w(γ − γ′)

=
( T

2π
logT

)∫
R
r̂(α)F (α) dα



Test Functions
r ∈ L1(R), r continuous, r̂ ∈ L1(R), r(u) =

∫
R r̂(α)e(uα) dα

r
(γ − γ′

2π
logT

)
=

∫
R
r̂(α)T iα(γ−γ′) dα

∑
0<γ≤T
0<γ′≤T

r
(γ − γ′

2π
logT

)
w(γ − γ′) =

( T

2π
logT

)∫
R
r̂(α)F (α) dα

Simple Zeros
1. r(0) = 1
2. r(u) ≥ 0 for all u
3. supp r̂ ⊆ [−1, 1]∑

0<γ≤T
γ distinct

m(ρ)2 =
∑

0<γ≤T
0<γ′≤T

1

≤
∑

0<γ≤T
0<γ′≤T

r
(γ − γ′

2π
logT

)
w(γ − γ′)

=
( T

2π
logT

)∫
R
r̂(α)F (α) dα



Test Functions
r ∈ L1(R), r continuous, r̂ ∈ L1(R), r(u) =

∫
R r̂(α)e(uα) dα

r
(γ − γ′

2π
logT

)
=

∫
R
r̂(α)T iα(γ−γ′) dα

∑
0<γ≤T
0<γ′≤T

r
(γ − γ′

2π
logT

)
w(γ − γ′) =

( T

2π
logT

)∫
R
r̂(α)F (α) dα

Simple Zeros
1. r(0) = 1
2. r(u) ≥ 0 for all u
3. supp r̂ ⊆ [−1, 1]∑

0<γ≤T
γ distinct

m(ρ)2 =
∑

0<γ≤T
0<γ′≤T

1 ≤
∑

0<γ≤T
0<γ′≤T

r
(γ − γ′

2π
logT

)
w(γ − γ′)

=
( T

2π
logT

)∫
R
r̂(α)F (α) dα



Test Functions
r ∈ L1(R), r continuous, r̂ ∈ L1(R), r(u) =

∫
R r̂(α)e(uα) dα

r
(γ − γ′

2π
logT

)
=

∫
R
r̂(α)T iα(γ−γ′) dα

∑
0<γ≤T
0<γ′≤T

r
(γ − γ′

2π
logT

)
w(γ − γ′) =

( T

2π
logT

)∫
R
r̂(α)F (α) dα

Simple Zeros
1. r(0) = 1
2. r(u) ≥ 0 for all u
3. supp r̂ ⊆ [−1, 1]∑

0<γ≤T
γ distinct

m(ρ)2 =
∑

0<γ≤T
0<γ′≤T

1 ≤
∑

0<γ≤T
0<γ′≤T

r
(γ − γ′

2π
logT

)
w(γ − γ′)

=
( T

2π
logT

)∫
R
r̂(α)F (α) dα



Simple Zeros

1. r(0) = 1
2. r(u) ≥ 0 for all u
3. supp r̂ ⊆ [−1, 1]

4. Minimize r̂(0) +

∫ 1

−1
|α|̂r(α) dα

∑
0<γ≤T
ρ simple

1 ≥
∑

0<γ≤T
γ distinct

m(ρ)(2−m(ρ)) = 2N(T )−
∑

0<γ≤T
γ distinct

m(ρ)2

First Choice:

r(u) =
(sinπu
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Mike Taylor
r̂ = g ∗ g ,

supp g ⊆ [−1/2, 1/2] r = |ĝ |2 g(x) = c cos
√

2x

r̂(0) +

∫ 1

−1
|α|̂r(α) dα =

1

2
+

1√
2

cot
1√
2

= 1.327499 . . .

2− 1.327499 = 0.672501
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New extremal problem for simple zeros

3. supp r̂ ⊆ [−1, 1]

F (α) ≥ 0 for all α

3’. r̂(α) ≤ 0 for |α| > 1

r̂(0) + 2

∫ ∞
0

r̂(α)F (α) dα ≤ r̂(0) + 2

∫ 1

0
r̂(α)α dα

Try r̂ of the form

a exp(−bα2)(1− α2) or a exp(−b|α|)(1− α2)
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What are the possible F?

The Alternative Hypothesis:

m2(T ) = lim
A→∞

1

A

∫ A

0
F (α) dα =

( T

2π
logT

)−1 ∑
0<γ≤T
γ distinct

m(ρ)2

m2 = lim
T→∞

m2(T )
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Close Pairs of Zeros

Want to prove the existence of pairs γ, γ′ with 0 < γ, γ′ ≤ T and

|γ − γ′| ≤ λ 2π

logT
r ∈ L1(R), r̂ ∈ L1(R), r even

1. r(0) = 1 2. r(u) ≤ 0 if |u| > λ 3. r̂(α) ≥ 0 for all α
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∫
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∫
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∑
0<γ≤T
0<γ′≤T

|γ−γ′|≤2πλ/ logT
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0<γ′≤T

r
(γ − γ′
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logT

)
w(γ − γ′)

=
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2π
logT

)∫
R
r̂(α)F (α) dα ≥

( T
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logT

)∫ 1

−1
r̂(α)F (α) dα

∼
( T

2π
logT

)(
r̂(0) + 2

∫ 1

0
αr̂(α) dα

)
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Close Pairs of Zeros

Need r̂(0) + 2

∫ 1

0
αr̂(α) dα > 1

f (x) =
sin2 πx

π2x2(1− x2)
f̂ (t) =

1− |t|+ sin 2π|t|
2π

(|t| ≤ 1)

0 (otherwise)

f (x) f̂ (t)
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Close Pairs of Zeros

r(u) = f (u/λ) r̂(α) = λf̂ (λα)

r̂(0) + 2

∫ 1

0
αr̂(α) dα = 1.0000132 > 1 when λ = 0.6073

0.68 1973 HLM
0.77 1985 Conrey, Ghosh, Goldston, Gonek, Heath-Brown
0.6878 1996 Soundararajan
0.6553 2014 Wu
0.6073 2018 HLM

0.515396 2015 Preobrazhenskĭı
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Close Pairs of Zeros

r(u) = f (u/λ) r̂(α) = λf̂ (λα)

r̂(0) + 2

∫ 1

0
αr̂(α) dα = 1.0000132 > 1 when λ = 0.6073

0.68 1973 HLM

0.77 1985 Conrey, Ghosh, Goldston, Gonek, Heath-Brown
0.6878 1996 Soundararajan
0.6553 2014 Wu
0.6073 2018 HLM

0.515396 2015 Preobrazhenskĭı
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