Logic Test #2, Spring 1999

Answers to Part C and D

Part C.

The proof below, though by no means the shortest way to prove this theorem, follows our standard strategy for proving a biconditional: prove each direction separately, and then use (I.

9.
|- (R & S ( P ( Q) ( (~P & ~Q ( (R ( ~S))

	1
	(1) R & S ( P ( Q
	A [for (I]

	2
	(2) ~P & ~Q
	A [for (I]

	3
	(3) R
	A [for (I]

	2
	(4) ~(P ( Q)
	2 DM

	1,2
	(5) ~(R & S)
	1,4 MTT

	1,2
	(6) ~R ( ~S
	5 DM

	1,2,3
	(7) ~S
	3,6 (E

	1,2
	(8) R ( ~S
	7 (I (3)

	1
	(9) ~P & ~Q ( (R ( ~S)
	8 (I (2)

	
	(10) (R & S ( P ( Q) ( (~P & ~Q ( (R ( ~S))
	9 (I (1)

	11
	(11) ~P & ~Q ( (R ( ~S)
	A [for (I]

	12
	(12) R & S
	A [for (I]

	13
	(13) ~(P ( Q)
	A [for RAA]

	13
	(14) ~P & ~Q
	13 DM

	11,13
	(15) R ( ~S
	11,14 (I

	12
	(16) R
	12 &E

	12
	(17) S
	12 &E

	11,12,13
	(18) ~S
	15,16 (E

	11,12
	(19) P ( Q
	17,18 RAA (13)

	11
	(20) R & S ( P ( Q
	19 (I (12)

	
	(21) (~P & ~Q ( (R ( ~S)) ( (R & S ( P ( Q)
	20 (I (11)

	
	(22) (R & S ( P ( Q) ( (~P & ~Q ( (R ( ~S))
	10,21 (I


Part D.

10.
T ( S ( ~Q, S ( (P ( T) |- Q ( P

12.
~(T ( Q), P ( R ( Q, ~P ( (T ( R) |- ~T


VALID





VALID

	1
	(1) T ( S ( ~Q
	A
	
	1
	(1) ~(T ( Q)
	A

	2
	(2) S ( (P ( T)
	A
	
	2
	(2) P ( R ( Q
	A

	3
	(3) Q
	A [for (I]
	
	3
	(3) ~P ( (T ( R)
	A

	1,3
	(4) ~(T ( S)
	1,3 MTT
	
	4
	(4) T
	A [for RAA]

	1,3
	(5) ~T & ~S
	4 DM
	
	1
	(5) T ( ~Q
	1 Neg(

	1,3
	(6) ~S
	5 &E
	
	1,4
	(6) ~Q
	4,5 BP

	1,2,3
	(7) ~(P ( T)
	2,6 BT
	
	1,2,4
	(7) ~(P ( R)
	2,6 MTT

	1,2,3
	(8) P & ~T
	7 Neg(
	
	1,2,4
	(8) ~P & ~R
	7 DM

	1,2,3
	(9) P
	8 &E
	
	1,2,4
	(9) ~P
	8 &E

	1,2
	(10) Q ( P
	9 (I (3)
	
	1,2,3,4
	(10) T ( R
	3,9 BP

	
	
	
	
	1,2,3,4
	(11) R
	4,10 (E

	
	
	
	
	1,2,4
	(12) ~R
	8 &E

	
	
	
	
	1,2,3
	(13) ~T
	11,12 RAA (4)


13.
R & S ( Q, ~(T ( P), S & (P ( R) |- ~(Q ( T)

VALID
	1
	(1) R & S ( Q
	A

	2
	(2) ~(T ( P)
	A

	3
	(3) S & (P ( R)
	A

	4
	(4) Q ( T
	A [for RAA]

	2
	(5) ~T & ~P
	2 DM

	2
	(6) ~P
	5 &E

	2
	(7) ~T
	5 &E

	2,4
	(8) ~Q
	4,7 BT

	1,2,4
	(9) ~(R & S)
	1,8 MTT

	3
	(10) S
	3 &E

	3
	(11) P ( R
	3 &E

	2,3
	(12) R
	6,11 (E

	2,3
	(13) R & S
	10,12 &I

	1,2,3
	(14) ~(Q ( T)
	9,13 RAA (4)


11.  ~R ( (P ( Q), P ( ~T, ~S ( T |- R ( S
14.  P ( R ( S, R & (T ( S), Q ( P |- T ( P & Q

INVALID





INVALID

P: T, Q: T, R: F, S: F, T: T



P: T, Q: F, R: T, S: T, T: T

