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Abstract We study the shape optimization problem where the objective function is
a convex combination of three sequential Laplace-Dirichlet eigenvalues. That is, for
oa>0,8>0,and @ + B8 < 1, we consider inf{aAg(£2) + BAr+1(£2) + (1 —a — B) X
Ak+2(82): £2 open set in RZ and |£2| < 1}. Here A4(£2) denotes the k-th Laplace-
Dirichlet eigenvalue and | - | denotes the Lebesgue measure. For k = 1, 2, the minimal
values and minimizers are computed explicitly when the set of admissible domains
is restricted to the disjoint union of balls. For star-shaped domains, we show that for
k=1 and o + 2B < 1, the ball is a local minimum. For k = 1, 2, several proper-
ties of minimizers are studied computationally, including uniqueness, connectivity,
symmetry, and eigenvalue multiplicity.

Keywords Shape optimization - Laplacian eigenvalues - Dirichlet boundary
condition - Isoperimetric problems

1 Introduction

Let 2 C R? be an open, bounded domain and {A(£2), ¥ (X; .Q)},fi | denote the
eigenpairs of the Laplace-Dirichlet operator for the domain £2 (listed with multi-
plicity), satisfying

—AY(X) =1y (x), X€82,
Y(x)=0, xe€0d52.

(1.1)
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The eigenvalues Ay (£§2) are characterized by the Courant-Fischer formulation

Vi |2ds2
M(2)=  min max f”'# (12)
ECHl (@) VeEU#0  [o¥2dS2

subspace of dim k

where Ej is in general a k-dimensional subspace of H(} (£2) and at the minimizer,
Ey = span({y; (x; 3’2)}/;:1 ). The ratio in (1.2) is referred to as the Rayleigh quotient.
General references for Laplace-Dirichlet eigenvalues can be found in [5, 6, 8].

In this work, we consider the shape optimization problem where the objective
function is a convex combination of three sequential Laplace-Dirichlet eigenvalues.
That is, we consider the following (c, 8)-parameterized optimization problem:

cf*ﬂ— inf cfﬂ(g) and Q) ,={QecA: Cl,=Ccly). 13

where
T:={(p)eR*a>0,>0,a+p<1},
A={Q C R?: 2 quasi-open and |£2| < 1},
Cl 4(82) 1= ahj(R) + Brj1 (@) + (1 —a — P)Aj42(2). (x.f)eTand 2 € A.

We will also consider several reduced admissible classes. Let B C A, be the set of
balls, i.e.,

B:={2 e A: 2 isaball}.

We’ll use the notation B U B to denote the class of domains consisting of the disjoint
union of two balls. We say a domain 2 is F representable if

N
2={(r0):r <Ry©),0€[0,2r]}, where Ry(©®)= Y are'"’ anda_ =7.
k=—N
(1.4)
Define the set of all Fy representable domains by

Fn={2 € A: 2 is Fy representable}. (1.5)

Note that F is the class of star-shaped, bounded domains. Finally, we use the nota-
tion Fn U Fp to denote the class of domains consisting of the disjoint union of two
Fy representable domains.

In what follows, we give previous results for this problem and state our own results
with an outline of this paper.

1.1 Previous Results

The simplest problem of the general form (1.3) is the minimization of a single eigen-
value, i.e.,

mink~:mian ).
2 77T geA 1002)
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The existence of a minimizer for general j was recently shown to exist and have finite
perimeter [4, 10]. It is well known that among all open, two-dimensional domains of
equal area, the unique minimizer of A;(§2) is a ball (Faber-Krahn inequality) and
the unique minimizer of A, (£2) is the disjoint union of two equal-area balls (Krahn-
Szegd inequality); see [6]. Wolf and Keller [15] showed the minimizer of A3(£2) is
connected and that a ball is a local minimizer. It remains as a conjecture that a ball is
a global minimizer of 13(£2); see [6]. The minimizer of 14(§2) is conjectured to be
the disjoint union of two balls with radii which have ratio jo 1/j1,1 where j , is the
n — th zero of the m — th order Bessel function J,,; see [6]. There are no theoretical
results for the explicit optimal shapes for j > 5, however there are several compu-
tational studies in this area. In [13], minimizers for the first ten Laplace-Dirichlet
eigenvalues were found numerically. Here, a level set approach was used to represent
the domain and a relaxed formulation of the Laplace-Dirichlet problem was used to
compute the eigenvalues. In [1], the same problem for j < 15 was studied using a
high-accuracy meshless method for the eigenpair computation and the boundaries
were parameterized using Fourier coefficients. The results were very similar to those
in [13], except that an improved domain was found for the seventh eigenvalue. It was
also observed that the minimizer for the thirteenth eigenvalue is not symmetric. The
multiplicity of A ; for the optimal domains was also investigated.

The shape optimization problem where the objective function is a convex com-
bination of two sequential Laplace-Dirichlet eigenvalues, i.e., taking « + =1 in
Cl 4

(£2) forae]0,1], (1.6)

gngt Ca 1-a
has also been studied. In [15], the range of the first two Laplace-Dirichlet eigen-
values (A1(£2),A2($2)) for a planar domain §2 of unit area was explored. The
boundary of the range consists of the two rays {(A1,A2): Ao = A and A > njgl}

and {(A1,A2): Ap = ]1 Ly, and Ay > 27j ]0 1} and a curve connecting their endpoints

which was determined numerically by studying (1.6) with j = 1. It was observed
computationally that for o > 0, the minimizer is connected, while it is known that
for o = 0, the minimizer is the disjoint union of two equal-area balls (Krahn-Szego
inequality). Thus, there is a topological change in the minimizer as « |, 0. In [2], the
means of sequential eigenvalues are studied, i.e., (1.6) with («, 8) = (0.5,0.5), and
the connectivity of optimal domains is investigated. In particular, for j = 1 and 2,
using an argument similar to that of Wolf and Keller [15], it is established that the
minimizers are connected. In [12], (1.6) is studied and it is shown C,, ] o 18 a Lips-
chitz continuous, non-increasing, concave function of « and the mlmmlzer is upper
hemicontinuous in «. Furthermore, for j <5, properties of the minimizer (e.g., the
number of connected components) are studied computationally as a function of «.
For j =2, it is shown that for « € [0, %], the ball is a local minimizer.

The present work is motivated by [7], where (1.3) is considered for j = 1. They
show that a minimizer of C1 has no more than 2 connected components and prove
that for a subset of (¢, B) € T the minimizer is connected. They also conjecture that
the minimizer of (1.3) for j = 1 is connected unless 8 = 1.

For a more extensive discussion of related work in this area, please consult [12].
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1.2 Results and Outline

In Sect. 2 we give some continuity results for the minimum values and minimizers of
c’ wp (£2) over the admissible class .A. We also show (in Proposition 2) that a ball is a

local minimizer of C,, J B (82) for « +28 < 1 in the admissible class F.. In Sect. 3, we

discuss the minimizers of C’ B (£2) over the admissible class, B LI B, consisting of the
disjoint union of balls. Here the solution can be written explicitly in terms of zeros
of Bessel functions. In Sect. 4, we describe a computational method for minimizing
C ; 8 (£2) over the admissible class, Fy U Fy, consisting of the disjoint union of two
Fn representable domains. The method is used to numerically investigate several
properties of the minimizers for (1.3). In particular, for j = 1 and 2, we answer the
following questions (1) For what values of («, 8) € T is the minimizer unique, have
symmetry, or is connected? (2) Are there values (¢, 8) € T for which the minimizer
does not vary continuously? (3) For varying values of («, ) € T, what are the mul-
tiplicities of the first few Laplace-Dirichlet eigenvalues for the minimizing domains?
(4) For what values of («, 8) € T does the optimal solution agree with the optimizer
over the admissible class B U B? In Sect. 5, we conclude with a brief discussion.

2 Results for the Minimum of C OJ‘ ) (£2) over the Admissible Sets A and F,

In this section we give some analytical results for the shape optimization problem of
minimizing C / ﬁ(.Q) over the admissible classes A and Fo.

Since Cj (£2) is a non-decreasing and Lipschitz continuous function of the
Laplace- Dlrlchlet eigenvalues, the recent results of [4, 10] show that the infimum
in (1.3) exists and that every minimizer has finite perimeter. For a parameterized
optimization function, such as in (1.3), the optimal value and minimizing set, when
viewed as a function of the parameter, inherit some continuity properties from the ob-
jective function. We make these statements precise for (1.3) in the following propo-
sition, which is a direct generalization of [12, Proposition 1] and we state without
proof. Recall that a set valued function I": A — B is upper hemicontinuous at a
point a € A if for all sequences {a,} such that a, — a and all sequences {b,} such
that b,, € I' (ay,), there exist a b € I"(a) such that b, — b.

Proposition 1 Consider the (o, 8)-parameterized shape optimization problem (1.3).

For each j € N the following statements hold:

1. Foreach (o, B) €T, CO][Z exists and S}éﬂ is a non-empty and closed set. Further-
more, every §2 € Qéﬂ has finite perimeter.

2. The optimal value, C o/[;;, is a non-increasing, Lipschitz continuous, and concave
function in both o and .
3. As a set-valued function of («, B), Qé P is upper hemicontinuous.

We now restrict our attention to Fo, C A, the class of domains which are star-
shaped and bounded. The following proposition shows that for j = 1 and a large
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subset of (¢, B)-values in T, the ball is a local minimizer. Our computational results,
presented in Sect. 4, suggest it is a global minimizer.

Proposition 2 The ball is a local minimizer of C oll ﬂ(.Q) over the admissible class
Foo for the set {(o, B) € T: o+ 28 < 1}.

Proof Our proof is a generalization of the proof that the ball is a local minimum of
A3(82) given in [15, Thm. 8.3], to which we refer the reader for details. Consider the
nearly circular domain 2. = {(r,0): r < R(0,¢€), 0 € [0,2n]}, where

(o) o0
R@,¢):=1+¢ Z age’*? + &2 Z bre'*? + 0(63), apn=a—p and b, =b_,,.
k=—o00 k=—00

Using the asymptotic formulas for |£2.|A;(§2¢) given in [15, App. A], the following
holds. If a» # 0,

Cap(20) =m[ajsy + (U= )jf ] +2enjf (1 —a = 28)lar] + O(€)  @1)
and if ap =0,
Co (20 =m[ejd + (1 —a)jE ]+ Aae? + B(1 — )€’
+(1—a—28)Ce* + 0(€) (2.2)

where
oo .
. . (o)
A =4nJ§,l Z(l +Jo,1 ]n(]o ) |an|2

Jo_1 G
B=2nj} L ji g = ) jag
J1,12€:( +]1’]Je—1(11,1) lacl

1 J, ()
by — <—+j1,1 E )al (ai—¢
; 2T G )T

Here, A and B are both non-negative constants, dependent on {a,}, which vanish
only if a, = 0 for all n. C is a non-negative constant, dependent on both {a,} and
by. In both (2.1) and (2.2), if « + 28 <1 and 0 < & < 1, any perturbation of the ball
increases C olt g showing that the ball is a local minimizer. U

C=27'rj12’1

3 Minimum of C! 5(£2) and c? 5(£2) over the Union of Two Disjoint Balls,
BuB

Consider the disjoint union of two balls, D, € B U B, with radii given by r; :=r and
ry:=+/m~1 —r2 where r? € [0, (27)~']. Note that the measure of D, is exactly one
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and that the second ball is larger than the first. The first eigenfunction is supported in
the larger ball, so

r(Dy) = n(l - nrz)_ljozyl.

The second, third, and fourth eigenvalues depend on the ratio of the ball sizes. We
compute

i2 )

11 Tj5
M (D) =A3(Dy) = — and A4(D,) = ——
1 —mr 1 —mr

2
1
forr2 € 11 = |:O, —2‘107’12:|
T Jra o

) )
i Jo,1
A2 (Dy) =2r3(Dy) = 5 and  A4(Dy) = =
1—mr r
) )
1 J 1 J
forrl el := |:— > 0’1.2 ' T 0’1,2 ]
T gt Tt o
.2 %)
Jo,1 I
A (Dp)=—- and A3(Dy) =24(Dy) = T
r 1 —mr

2
1 J 1

forr? e Iy == [—%, —i|
T jia oy 27

For the domain D, the convex combination of eigenvalues of the first three eigenval-

ues, C (}[ L is

1 [jg, + (=) ji 175 forr2 e I; Ul
Ca’ﬁ(Dr) = JOl 5 ) 3.1
P +[ot]01+(l—ot ,3)]1’1]—17’7’”2 forrcel3

and the convex combination of eigenvalues of the second through fourth eigenvalues,
Cg e is

11 1 ”1221 2
(@+B)m+(U—a—p)—5 forriel
Cap(Dy) = m+ﬁ>hl+a_a_mml forr2 e I (3.2)
]Ol +(1—a) 171_1711':2 forr? e Is.
Proposition 3 Define the partition, T = Tl1 U T21, by
2
J11 o
{(Ot PreT: < ———F— 5}
2(]1 1= ]0 1)
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Fig. 1 (left) The value of C (i"ﬁ : 1nf{C /3(Dr) e [0, Q7)™ l]} and (right) the corresponding opti-
mal parameter r for («, ) € T. See Proposition 3 and Sect. 3

it a
T:p> "l L
{(“ Pelib=a — 7ty 2}

Then for Cy, 4(Dy) as defined in (3.1),

w(ajg, + (1 =a)ji ) if (@, p) €T}

min a (D)_Ca =
b g {2n<(a+ﬂ)j§,l+<1—a—ﬁ>jﬁ1) if @.B)eT,

2el0,(2m)71]

with minimizer given by

rt=

{0 if (o, B) € T}!

5w if (o, B) € T,
Remark 4 The optimal objective function values, C! °ﬂ and corresponding optimal
parameters, r, are plotted in Fig. 1 for («, ) € T. The optimal objective function
values for particular values (o, ) € T are given in Table 1 (top).

Proof We first note that the value of C ; ﬁ(Dr) for r2 € I U I, is a monotone in-
creasing function in r. Thus the minimum occurs for r = 0, which implies the
minimizer over this interval is a single ball, Dgy. The optimal value is Colt‘ ﬁ(Do) =
yr(ozj&1 + (1 — oe)jlz,l). For fixed (o, B) € T, we now find the radius » which mini-
mizes C ; 8 (D,) for r2 € I. Since C ; 8 is a continuous function, this occurs at critical

dCy 5(Dy)

values, r, where either —%—— = 0 or values where C1 (D ) is not differentiable.

For the interval I3, the critical radius rl , satisfying M =0, is

*2 1 \/Bjo,l

Vl = —

T VBt + il + U —a—p)jE,
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Thus we consider the following three critical values

Cy5(D0) =m(@js, + (1 —a)ji)) ifr2=0
Ca s (D) = w(VBjo. + \/ocj({1 +(—a—p)2)? ifr2=r2 (33
2@+ B)jg, + A —a—B)jt)) if r? =5
The result now follows from a comparison of the values in (3.3). O

A consequence of the following proposition is that the minimizers in Proposition 3
are also minimizers over U, the class of domains consisting of the disjoint union of
an arbitrary number of balls.

Proposition 5 Any disconnected minimizer §2 of C (}[ ﬁ(.Q) over U has exactly two
connected components, i.e., 2 € B B.

Proof 1If is clear that the minimizer has at most three components. Suppose 2 is a
minimizer of C 01[ with three components. Each component must support exactly one
eigenvalue and consequently the radii of the three balls, r}, 2, and r3 satisfy

. . o l—o—
(5B 20)
r,r,r3 ’ ri ry r3
S.t. 7T(r12 +r22 + r32) =1

ri>=0 j=1,2,3.

This is a convex objective function in the squared variables over a compact subset of
an affine subspace of R3. The minimizer is given by

21 Vo 2 1 VB
TJa+JB+JT—a—B T Ja+JBrVT—a—B

with optimal value

11 1
Cu.p(3 balls) = nj&l(\/&nL\/Ber)(ﬁ Ayl m)

29nj§1.

The result now follows from a direct comparison with the values obtained in Propo-
sition 3. O

Propositjon 5 is analogous to [7, Thm. 2(b)] for the restricted class, /. We next con-
sider C;, 4 for j =2 over BUB.
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Proposition 6 Denote Q =[Q1, Or]l= JO -, 211 L—]. We define the partition,
l 1Hioa Jiatioa
T=T}UT;UT}UT}, by

) ) . . 2
aji + 1 —a)jy, — ejor + 1 —aji1)
T12:: (,B)eT: B < L1 2&1].2 jzj andozeQ}
2,1 — 11
Git1—2jg — s e — Qjf — i3 )
T3 = (@ peT: p<—tl 2L 2l LI 2] andozZQR}
(12,1_J1,1)
2 _]2 _j2
T32:= (a,B)eT: /3>—0’1—aandoc§QL,
111
.2 2
ajf + 1 —a)ji, — ejor+v/T—aji1)
B> L1 2.1 Ve and o € Q,
(J21 11 )

Gity=2i¢, — i3 pe— Qi —j3)
PR 0.1 _ 21 . i1~ J21 andazQR}
(12,1_11,1)

2 j2 _j2
{(05 B)eT: ﬁ<#—aando{§QL}
I _J11

Then for C2, 5(Dy) as defined in (3.2),

m(Jejo.1 +vT—aji1)? (@ B) €T}

. 27 (ajg 4+ (1 —@)jf ) (@ B) €Ty

. min ) Cap(Dy)=Cl% = 5 5 5
r2e[0,(27) ”((O‘+ﬂ)J1,1+(1 _O‘_:B)Jz,l) (ct, ﬂ)eT3
TGy + gy (. p) € T}

with minimizer given by

n(Jajor+vT—ajiN? (o, B)eT?

1 2
N (. ) € T5
"o (. B) € T2
2
1 Joa 2
T it @ pels

Remark 7 The optimal objective function values, C; 2o and corresponding optimal
parameters, r, are plotted in Fig. 2 for (o, ) € T. The optimal objective function
values for particular values («, 8) € T are given in Table 2 (top).

Proof We first note that the value of Ci ﬂ(D,), as defined in (3.2), for r% € I} is
a monotone increasing function in r. Thus, the minimum occurs for r = 0, indi-
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Fig. 2 (left) The value of c§°ﬁ = inf{C2 5 (Dr): r2 € [0, (2) 11} and (righ) the corresponding opti-
mal parameter r for («, ) € T. See Proposition 6 and Sect. 3

cating the optimal domain is a single ball Dy. The optimal value is Cg’ ﬂ(Do) =
(@ + ﬂ)njlzg1 +(1—-a—- ,3)7Tj221. For fixed («, B) € T, we now find the radius r
which minimizes C2 4(Dy) for r2 € I, and I3. For the interval I, the critical radius

aﬂ( D o

ry satisfying is

a1 Va=a—=PBjou
P JU—a—Pjoi+Jat B

dCg 4(Dr)

For the interval /3, the critical radius r3 satisfying —~— =0 is
r§k2 — l \/C_(jo,l .
T Jajo1+ 1 —aji
Thus, we consider the following five critical values
7@+ Bt + (A —a—p)j3) if 2 =
n(VT=a=B)jos+/@+pji* ifr*=ry
)
2 _ %) 2 e 2 1 Joa
Ca’ﬁ(D,) = 71(]1’1 —|—]0’1) ifr<-= T 3.4)
T (Ve jo1 + VT —aji1)? if 2 =ry?
27 (jgy + (1 —a)jfy) if r2 =,
The result now follows from a comparison of the values in (3.4). O

Remark 8 Along the curve separating T32 from T12 U T22 U T42, there are two min-
imizers: one with a single connected component and the other with two connected
components.
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4 Computational Method and Results

In this section, we consider the minimization of C 0’[ ﬁ(.Q) over the class Fy U Fy,
where Fy is defined in (1.5),
J* : J AJ . Jjx
Clly= QIEI}chmﬁ(:z) and  $2) 5= {2eFyuFy: Chp()= ca,ﬁ}. 4.1)
We first describe a computational method for the solution of (4.1). In brief, a bound-
ary integral method is used for the solution of the eigenvalue problem (1.1) and a

line search-based BFGS method is used for the solution of (4.1). Similar algorithms
appear in [1, 2, 11]. We then present some computational results for (4.1).

4.1 Computational Methods

The numerical optimization method is initialized with a choice of Fourier coefficients
{ak},?’:() in (1.4). We use N = 10 coefficients and choose the coefficients either ran-
domly or using the results from a previous computation. For a given domain, the
first several eigenpairs are computed using the Matlab toolbox mpspack [3]. The
weighted-Neumann-to-Dirichlet scaling method is chosen with the argument ‘ntd’
and M = 100 quadrature points are used. For the optimization problem (4.1), we
use the line-search-based BFGS algorithm implemented in HANSO [14]. This quasi-
Newton method has proven to be effective for non-smooth optimization problems
such as (4.1) [9]. If X is simple, the derivatives of A ;(£2) with respect to the coeffi-
cients a; describing £2 can be found in, e.g., [11] and are given by

0%

2
5 :-f RN(O)e’kOWIﬂj(RN(G),9)|2d9. 4.2)
aj 0

In our computations, the Neumann data, Vu, is evaluated at the quadrature points
and the integral in (4.2) is evaluated via quadrature. We remark that while the deriva-
tive of an eigenvalue with higher multiplicity can be computed (see, e.g., [6]), in
numerical computations roundoff error causes all eigenvalues to be simple.

To address the questions considered in this paper, we solve the («, B)-parameter-
ized optimization problem (4.1) for many (= 300) values («, 8). We find the method
described above to be extremely effective for this. Solving (4.1) requires on the order
of 40 BFGS iterations, each requiring approximately 1-7 eigenvalue solutions for the
line search. The solution to (4.1) takes approximately 2 minutes using Matlab 2012b
on a 2.0 GHz Intel Core i7 Duo desktop computer with 8GB of RAM.

4.2 Computational Results

For j =1 and 2, we use the computational method described above to solve (4.1) for
approximately 50 specified values (o, 8) € T. The results for j = 1 are displayed in
Table 1 (bottom) and Fig. 3. The results for j = 2 are displayed in Table 2 (bottom)
and Fig. 4. All reported values are rounded to four significant digits. Note that all val-
ues attained for the admissible class Fjg LI Fg are at least as small as those for balls,
B U B. In what follows, we refer to numerically computed solutions as minimizers.
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Table 1 (top) The value of inf{C} 5(2): 2 € Bu B} and (bottom) inf{C} 5(2): 2 € Fiou Fio}
for (a, B) € T. Italic entries are values for which Proposition 2 implies the ball is a local minimizer of

C; ﬁ(Q) over Foo. See Sect. 4

1 36.34

0.875 43.33 36.34

0.75 46.12 42.63 36.34

0.625 46.12 42.63 39.14 35.64

0.5 46.12 42.63 39.14 35.64 32.15

0.375 46.12 42.63 39.14 35.64 32.15 28.65

0.25 46.12 42.63 39.14 35.64 32.15 28.65 25.16

0.125 46.12 42.63 39.14 35.64 32.15 28.65 25.16 21.66

0 46.12 42.63 39.14 35.64 32.15 28.65 25.16 21.66 18.17
Bla 0 0.125 0.25 0.375 0.5 0.625 0.75 0.875 1

1 36.34

0.875 40.09 35.49

0.75 43.17 38.80 33.85

0.625 45.73 41.64 37.12 31.85

0.5 46.12 42.52 38.67 34.44 29.60

0.375 46.12 42.63 39.14 35.51 31.57 27.12

0.25 46.12 42.63 39.14 35.64 32.15 28.49 24.42

0.125 46.12 42.63 39.14 35.64 32.15 28.65 25.16 21.46

0 46.12 42.63 39.14 35.64 32.15 28.65 25.16 21.66 18.17
Bla 0 0.125 0.25 0.375 0.5 0.625 0.75 0.875 1

0 8 - -
0 0125 0.25 0.375 0.5 0625 0.75 0875 1
¥

ANV ANIY

N
(N 1 i)
R NN N N

0 0.125025 0375 05 0625075 0875 1

Fig. 3 (left) The value of inf{Cgl ﬂ(.Q): 2 € Fio U Fio} and (right) corresponding minimizer for
(o, B) € T. The values where (4.1) was solved are indicated with an ‘x’. Other values are obtained by

linear interpolation. See Sect. 4
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Table 2 (top) The value of inf{Cg ﬁ(.Q): 2 € Bu B} and (bottom) inf{Cg ﬂ(.Q): 2 € Fio U Fio} for

(o, B) € T. Using the identity Cg 1-g= Cé ) for B € [0, 1], Proposition 2 applies to the italic entries, i.e.,
the ball is a local minimizer. See Sect. 4

1 46.12

0.875 50.72 46.12

0.75 55.31 50.72 46.12

0.625 59.90 55.31 50.72 46.12

0.5 64.29 59.90 55.31 50.72 46.12

0.375 64.29 64.29 59.90 55.31 50.72 46.12

0.25 64.29 64.29 64.29 59.90 55.31 50.72 46.12

0.125 64.29 64.29 64.29 63.67 59.90 55.31 50.32 43.33

0 64.29 64.29 64.29 63.67 61.10 56.68 50.32 43.33 36.34
Bla 0 0.125 0.25 0.375 0.5 0.625 0.75 0.875 1
1 46.12

0.875 50.55 46.12

0.75 54.69 50.55 46.12

0.625 58.60 54.69 50.55 46.12

0.5 62.29 58.60 54.69 50.55 46.12

0.375 64.29 61.50 57.95 54.16 50.10 45.73

0.25 64.29 62.02 58.91 55.65 52.17 48.45 43.17

0.125 64.29 62.02 58.91 55.71 52.43 49.05 45.54 40.09

0 64.29 62.02 58.91 55.71 52.43 49.05 45.57 41.97 36.34

Bla 0 0.125 0.25 0.375 0.5 0.625 0.75 0.875 1
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Fig. 4 (left) The value of mf{C2 ﬂ(.Q) 2 € Fio U Fio} and (rtght) corresponding minimizer for
(o, B) € T. The values where (4.1) was solved are indicated with an ‘x’. Other values are obtained by
linear interpolation. See Sect. 4
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For j =1, we observe the following.

(1) For (o, B)-values in the region {(«, ) € T: o + 28 < 1}, the optimal solution
is a ball. The ball is shown to be a local minimizer in Proposition 2 (proven in
Sect. 2).

(2) (Connectivity.) We observe that the optimal domain has one connected compo-
nent except for («, 8) = (0, 1). This supports a conjecture of Iversen and Maz-
zoleni [7].

(3) We observe numerically that the minimizer is unique and continuously varies
with respect to « and S.

(4) (Symmetry.) For all («, 8) values considered, the minimizer has two axis of sym-
metry.

(5) (Eigenvalue multiplicity.) For (o, §)-values in the region {(«,8) € T: a +
28 < 1}, the optimal solution is a ball with A1 < Ay = A3 < A4. For (¢, B) =
(0, 1), the optimal solution is two balls of equal measure with A1 = Ay < A3 = A4.
For all other («, 8)-values considered, the first four eigenvalues of the optimal
domain are each simple.

(6) (Comparison to Proposition 3.) For £2 € Bu B and (¢, 8) € Tll as defined in
Proposition 3, the optimal shape is a ball with A; < A = A3 < A4. For («, B) €
T21 , the minimizer is the disjoint union of two balls of equal measure with A} =
Ay < A3 =A4.

For j =2, we observe the following.

(1) Fora+g8=1and0<g8 < %, the ball is a local minimizer. This follows from
the identity Cé’l_ 5= C(l)’ 8 for B € [0, 1] and Proposition 2.

(2) (Connectivity.) We observe that the optimal domain has one connected com-
ponent except for (o, 8) = (1,0) and in a neighborhood of («, 8) = (0,0).
We conjecture that the («, 8)-region containing (1, 0) with disconnected mini-
mizer consists only of the isolated point (1,0). To investigate the region near
(o, B) = (0,0) further, we solve (4.1) 121 additional times for a selection of
values («, 8) € [0,0.1] x [0,0.5] C T. The optimal values and minimizers are
plotted in Fig. 5. The black line is the intersection of the linear interpolation of
obj. function values for one- and two-component regions. We observe that the
optimal shape has two connected components for ¢ < 0.03 and 8 < 0.4.

(3) We observe numerically that the minimizer is unique except along the (o, 8)-
curve shown in Fig. 5 (left) separating the minimizers with one and two con-
nected components. For (¢, 8) values on this curve, the optimal set SAZO% 8 consist
of a domain with one connected component and a two-connected component do-
main. Away from the curve, the minimizer varies continuously with respect to «
and 8.

(4) (Symmetry.) For all («, 8) values considered, connected minimizers have two
axis of symmetry. The disconnected minimizers for (o, §) values near (0, 0) have
only one axis of symmetry.

(5) (Eigenvalue multiplicity.) For (¢, 8)-values in the region {(«,8) € T: a« + B =
1, a < %}, the optimal solution is a ball with A1 < Ay = A3 < Aq = X5. For
(a, B)-values in the region {(a, 8) € T: @ < 0.03, B < 0.4}, the solution is the
disjoint union of two balls of different measure with A < Ay = A3 = A4 < As.
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05

0.02 0.04 0.06 0.08 0.1
[0

Fig. 5 An enlargement of the («, 8)-region near (0, 0) in Fig. 4

For (a, B) = (1,0), the optimal solution is two balls of equal measure with
A = A2 < A3 = Aq4 = A5 = Ag. For all other («, B)-values considered, the first
five eigenvalues of the optimal domain are each simple.

(6) (Comparison to Proposition 6.) For 2 € Bu B and («,f) € Tf U T} U T}
as defined in Proposition 6, the optimal shape has two connected components.
For the more general admissible class Fy U Fy however, the region where
the optimal shape has two connected components is relatively small. For ex-
ample, for («, 8) = (0.5, 0), the optimal union of balls has two components
while the minimizer over Fy U Fx has just one. In Fig. 2, the minimizer has
Al < X2 < A3 = A4 < A5 in region T2, A1 =XAp <A3=As=As = Ag in region
T7, ki <Ay =2X3 < Ay = As in region 77, and A; < Ay = A3 = A4 < As in re-
gion T42.

When comparison is available, our results agree with those for minimizing single
eigenvalues [1, 13], the mean of sequential eigenvalues [2], and convex combinations
of two sequential eigenvalues [12, 15]. In particular, we recover the results

M =mjg, A 1817, M =2mj;,~36.34,  Aj=mjl, ~46.12, and

W=+ R)) ~ 649,

where A; is the optimal j-th eigenvalue. In [12], we numerically observed that for

j=2:5, Céfl_a is constant on the interval « € [0, §] for some constant § = §(j) > 0.

Recalling the identity Céﬁi o= Cé’ - in the present context, this implies that Céf‘ﬁ
is constant on the line segments {(«, 8): « + B =1, o €[0,46]} and {(o, B): a =
0, B €[0,8]} for j =2,3,4. For these larger j-values, it would be interesting to
see whether these line segments can be extended to regions « + 8 < 1 and @ > 0

respectively.
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5 Discussion and Further Directions

We have studied the shape optimization problem of minimizing the convex com-

bination of three sequential Laplace-Dirichlet eigenvalues, C (.Q) =ak;(£2) +
Brir1(£2) + (1 —a — B)Aj2(82) over several different adnnss1ble sets. In partic-

ular, we compare the values and minimizers of CJ (.Q) for j = 1,2 for the two
admissible sets: disjoint unions of domains with smooth boundary, Fy U Fp, and
disjoint unions of balls, B LI B. We have tried to catalogue properties of the optimiz-
ers in hope that our observations stimulate interesting future analytical development
in this area.

We conclude with a brief qualitative comparison of the computational method
used in the present work and the method recently introduced in [12]. There are two
primary differences between these two approaches: (i) in the present work the eigen-
value problem is solved using boundary integral methods, while in [12] it is solved
using finite element methods and (ii) in the present work, we have represented the
domain using Fourier coefficients, while in [12] the domain is represented using
the level set method. We have found the finite element method to be more robust,
but much slower and less accurate than the boundary element method. The level set
method has the advantage of not fixing the topology of the domain. However, cur-
rently available methods for solving the eigenvalue problem require either extracting
points on the boundary or a parameterization of the boundary. Thus, each iteration
of a gradient-based optimization method requires a rootfinding algorithm to find ap-
proximate points on the boundary. We view the problem of finding a method which
utilizes the level-set function representation of the domain, but doesn’t require such
rootfinding at each iteration to be a challenging extension of this work.
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