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Constant Transition Rates

Consider the one-step transition matrix

[ 1 0 0 0 0 0 0 0]
b+c 0 a 0 0 00 0
c b 0 a 0 00 0
0 b 0 a 0 0 0
A= 00 b 0 0 0 0
c 0000 ... 0 a0
¢c 0000 ... b 0 a
O 0000 ... 00 1

on the state space {0,1,2,..., N 4+ 1}. This Markov chain represents the
“Gambler’s Ruin” problem with catastrophe, as shown in Figure 1. Each
entry a;; gives the probability of moving from state ¢ to state j in a single
step, given that the current state is ¢. The probability of moving in one step
from state 1 to state 0, for instance, is b 4 ¢ while the probability of moving
in one step from state 1 to state 2 is a; there is no probability of moving
anywhere else in one step from state 1. By assumption, a + b + ¢ = 1 since
we must move somewhere.
Let

pr = Prob(eventual absorption at state N + 1 | initially at state k).
The ruin probabilities are then

7, = Prob(eventual ruin | initially at state k) =1 — py.



Figure 1: “Gambler’s Ruin” Markov Chain with Constant Transition Rates.
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Difference Equation Approach
Conditioning on the first step,

po = 0
p = (b+¢)po+ aps = bpo + aps
p2 = cpo+ bp1 +aps = bp: + aps

py = bpn_1+apnii
PN+1 = 1

where in several places we have used py = 0. For instance, ps is the probability
of eventual absorption at state N + 1 given that we are initially in state 2.
After one step, with probability ¢ we will be in state 0, from which we have
no chance to escape; with probability b we will be in state state 1, from
which we have probability p; of eventual absorption at state N + 1; and with
probability a we will be in state 3, from which we have probability ps of
eventual absorption at state N + 1.
Thus, for k=1,..., N,

apr+1 — Pk + bpr—1 = 0. (1)

This is a linear constant-coefficient difference equation. The roots of the
characteristic polynomial are
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Applying the conditions pg = 0 and pyy1 =1,

[1+\/1—4abi| ko [1—\/1—41117} b
2a

2a
Dk = N1 N1l
|:1+\/1—4ab] _ [1-«1-4@}
2a 2a

and so the ruin probabilities are

|:1+\/1—4ab} ko [1—\/1—4[117] k
2a 2a

szl_pkzl_ N+1° ()

N+1
[1+\/1—4ab:| e |:1—\/1—4ab]
2a 2a

We can use the Binomial Theorem to re-write this result without using
radicals:

e = (1) e

(v = e (5) e
(1+va) = (1= va)* = zi <k>x

where |y] denotes the greatest integer < y. The resulting alternative form
for the ruin probabilities is

T =1—pp=1-

System of Linear Equations

In the previous section we found that, for k =1,..., N,
apr1 — P+ bpr—1 = 0,

along with pg = 0 and py1 = 1.



Rather than using difference equation techniques, we can solve for the
probabilities py by solving the related system

1 0 0 0 0O ... O 0 O Do 0
b —1 a 0 0 0 0 O D1 0
0O b -1 a 0 0 0O O D2 0
0 0 b -1 a 0 0 0 D3 0
0 O 0 b -1 0 0 O D4 =1 0|, (4)
0 O 0 0 0 ... =1 a O PN-1 0
0 O 0 0 0O ... b -1 a PN 0
0 O 0 0 0O ... 0 0 1] |pNm 1

For any specific value of N + 1, this system may be solved using a forward
substitution technique to solve for ps, ps, ..., py+1 in terms of py, after which
we can set pyi1 = 1 to solve for py.

For general N + 1, the pattern in the formula for p; as a function of p;
is not easy to find. However, we can find this pattern by our work in the
previous section.

Consider our result from the previous section,

551 k Y
ijo < 9+ 1 > (1 — 4ab)?

X N+1 B .
ijO ( 2j+1 (1 4ab>J

Dy = (2a>N+1—k‘ .

Upon substituting £ = 1 and simplifying we have that

CLN

br= N+ 1

vy (1 — dab)yi
2V £2j=0 \ 25 4+ 1

If we were to use the forward substitution idea to solve the system, we would
eventually obtain

pvi1 = f(N+1)p1 =1

for some function f. Now we can solve explicitly for f:

(N1 1) «

FIN+1)- =1
I =y N+1 :
Q_NZjiO < 2j+1 ) (1 —4&6)3

and so

N N+1 -
Q%Zﬁif<2j+1>(1—4dw
f(N+1) = N :



In general, then,
p = f(k)p

1 L k j
ok—1 Zj:(] 2] + 1 (1 — 4ab)
- k1 R

and so the ruin probabilities are related through
l—m, = f(k)(1—m)
Solving for 7 as a function of 7y,
155 k :
gk_l—lzj':o ) ( 9+ 1 ) (1 — 4ab)?

ak—1

7Tk:1—

Given that we already had a closed-form solution for m; from our work in
the previous section, our reason for solving for 7 as a function of m; here
was to look at this special case of state-independent transition rates using a
structure that will prove to be helpful in investigating state-dependent rates.

State-Dependent Transition Rates

Suppose now that the transition rates are state-dependent.
transition matrix

1 0 0 0 O 0 0 0

b1 +c1 0 aq 0 0 0 0 0

Co b2 0 a9 0 0 0 0

C3 0 bg 0 as 0 0 0

A—| e 0 0 b 0 0O 0 0
ecyv—r 00 0 0 ... 0 an-1 O

CN 0 0 0 0 ce bN 0 an

0 o 0 0 0 ... O 0 1

representing the Markov chain shown in Figure 2.

Consider the

The corresponding difference equation is no longer constant-coefficient.

However, the corresponding linear system



Figure 2: “Gambler’s Ruin” with State-Dependent Transition Rates.
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1 0 0 0 0 0 0 0 ][ p | [O]
b1 —1 aq 0 0 0 0 0 P1 0
0 b2 —1 a9 0 0 0 0 D2 0
0 0 bg -1 as 0 0 0 P3 0
0 0 0 b -1 0 0 0 D4 =10
0 0 0 0 0 oo —1 anN_—1 0 PN-1 0
0 0 0 0 0 bN -1 an PN 0

can still be solved using a forward substitution technique to solve for ps, ps,
..., pny1 in terms of py, after which we can again set py,1 = 1 to solve for
Pi1-

Below, we will prove that, for £ > 1,

k2 k—4 k—4
P = [1 - Z a;biy1 + Z a;biy1 [Z aj+2bj+3] (6)
1 j=i

i=1 i=

k=6 k=6 k=6
- E a;biy1 E @203 E aj44b145
i—1

j=i I=j

+ ... pl/ [Hf;llai] s

with the convention that summations are set to zero if they have an upper
limit of summation that is less than the lower limit.



Multiplying equation (6) by I1¥~!'a;,

k-2 k—4 k—4
p-ita;, = po- [1 - Z a;biy1 + Z a;bii1 [Z aj+2bj+3]
1

=1 i =
k=6 k=6 k=6

—E a;biy1 E ajt2bj43 E pabiys| | + ...
=1 =i =)

Solving for py,

P = P Hf;lai +p1-

k—2 k—4 k—4
Z aibiy1 — Z a;biy1 [Z aj+2bj+3] (7)
i=1 i=1 j=i
k—6 k—6 k—6
+ Z a;biq Z 12043 [Z al+4bl+5] ] - .. ] :
i=1 j=i I=§

We will prove (6) by proving (7). The quantity p; on the left-hand side of (7)
is the probability of eventual success starting from state 1, where “success”
is reaching state N 4 1. I will prove the identity by showing that the right
hand side of (7) also gives the probability of eventual success starting from
state 1.

The term

k—1
Pk - Hizl a;

gives the probability of eventual success from state 1 with no “up-and-down”
before reaching state k. To see this, note that II*Z'a; is the probability of
“walking” directly from state 1 to state 2, ..., to state k. The factor p; then
gives the probability of success from state k.

The other terms on the right hand side give the probability of eventual
success from state 1 with one or more incidents of “up-and-down” before
reaching state k. I am defining “up-and-down from state ¢,” with ¢ < k — 2,
as movement from state ¢ directly to state ¢ + 1 and directly back to state i.

For ¢ < k — 2, the probability that a randomly-chosen path is eventually
successful but involves movement from the first occurrence of state ¢ directly
to state ¢ + 1 and directly back to state ¢ is given by pia;b;11. To see this,
note that, starting from state 1,

Prob(a randomly-chosen path reaches state i for the first time by some
means, then does an “up-and-down,” and then continues on to eventually
reach state N + 1)

is equal to



Prob(a randomly-chosen path reaches state i for the first time by some
means and from there reaches state N + 1 by some means)- Prob(from state 1,
the first two steps are an “up-and-down”)

which is equal to

Prob(a randomly-chosen path reaches state N 4 1 by some means)- Prob(when
the path reaches state ¢ for the first time, the first two steps are an “up-and-
down”)

which is equal to

D1 aibi—f—l

since p; is the probability of eventual successful movement to state N + 1
from initial state 1 and a;b;;; is the probability that from state ¢ the next
two steps are an “up-and-down.”

Now,
k=2 k4 k4 k—6 k=6 k6
E a;biy1 — E a;biy1 E aji2bjia| + E a;bit1 § aji2bjy3 E Arabigs | | — ...
=1 i—1 =i =1 = 1=

is simply an application of the Inclusion/Exclusion Principle. The summation

k—2
E aibiJrl
i=1

gives the sum of the probabilities that from state i, the next two steps are
an “up-and-down,” for states ¢ from 1 to k — 2. However, for non-adjacent
states ¢, 7, it is possible for a path to have an “up-and-down” occur at the
first occurrence of both of these. The double summation

k—4 k—4
g a;bit1 g aj+2bj+3
i=1 j=i

is subtracted off since it is the sum of probabilities of “up-and-downs” oc-
curring at the first occurrences of two different (non-adjacent) states. The
upper limit of summation has been decreased to k£ — 4 to allow “space” for
both “up-and-downs” to occur at states < k — 2. The triple summation

k=6 k=6 k—6
E a;biyq E @203 E a144b145
=1 j=t l=j
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then is added back in since it is the sum of probabilities of “up-and-downs”
occurring at the first occurrences of three different (pairwise non-adjacent)
states. This Inclusion/Exclusion is continued in order to compute correctly a
quantity that, when multiplied by p;, gives the probability of eventual success
from state 1 with some “up-and-down” before reaching state k. Adding in
the first term on the right hand side of (7), we obtain the total probability of
success from initial state 1, with or without “up-and-down” before reaching
state k, as given on the left hand side of (7). This completes the proof of (7),
and thus (6) is proven.
Now, setting k = N + 1 in (6) and recalling that py,; = 1,

N-1 N-3 N-3
=1

i=1 j=t

N—5 N-5 N-5
— Z a;bit1 [Z 42043 [Z a4 abiy s | p1/ [ 1‘“]
=1 j=t l=j

= 1
This allows us to solve for p;, obtaining

N-1 N-3 N-3
po= [OYa] [1 - Z aibi1 + Z a;bit1 [Z aj+2bj+3]
i—1 =1

j=i

N=5 N—5 N=5
- E a;biy1 E ajt2bji3 E a144b145
=1

j=i =

+ ...

Finally, this in turn implies that

k—4 k-4
1—- Zz 1 al i+1 + Zi:l aibi+1 |:Z]=z aj+2bj+3:| — N
be = N-3 N—3 G pa.
1-— Zz 1 CI,Z 1+1 + Zizl aibi+1 |:Zj:i aj+2bj+3:| —

Setting ag = 0, this formula holds for £ = 0 as well as for k=1,..., N + 1.
The ruin probabilities therefore are given by

k—4
1-— Zz 1 az i+1 +Zz 1 az i+1 [Z] =i a]+26j+3:| T e

1- sz\;l a;bitr + ZZJ\SB aibia [Zjv:f aj+2bj+3] B

T, = 1— Y, a;.

Gallery of Plots for Gambler’s Ruin with Catastrophe

The plots below show some Gambler’s Ruin results for various parameter
sets. In Figure 3, we assume constant transition rates with no catastrophes.
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Figure 3: Gambler’s ruin with constant transition rates and no catastrophes.
Values on the z-axis represent initial state and values on the y-axis represent
corresponding ruin probabilities. In each plot, state 0 represents “ruin” and
state 11 represents “success.” In plot (a.), the “win” probability is a = 0.5
and the “loss” probability is b = 0.5. In plot (b.), the “win” probability
is a = 0.6 and the “loss” probability is b = 0.4. In plot (c.), the “win”
probability is @ = 0.4 and the “loss” probability is b = 0.6. In plot (d.), the
“win” probability is @ = 0.2 and the “loss” probability is b = 0.8.
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In Figure 4, we assume constant transition rates with catastrophes. Finally,
in Figure 5 we give two examples of state-dependent transition rates.
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Figure 4: Gambler’s ruin with constant transition rates and catastrophes. In
plot (a.), the “win” probability is a = 0.45, the “loss” probability is b = 0.45,
and the catastrophe rate is ¢ = 0.1. In plot (b.), the “win” probability
is a = 0.8, the “loss” probability is b = 0.18, and the catastrophe rate is
c=0.02.
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Figure 5: Gambler’s ruin with state-dependent transition rates. In plot (a.),
the “win” probability is a; = j/(j + 1), the “loss” probability is b, =
0.9 — j/(j7 + 1), and the catastrophe rate is ¢; = 0.1. In plot (b.), the
“win” probability is a; = 0.057, the “loss” probability is b; = 0.057, and the
catastrophe rate is ¢; = 1 — 0.15.
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