
MATH 175, SPRING 2018, FINAL EXAM

Please print your name clearly!

Name:

This is a take-home test, due in class on Wednesday, 5/2/18. You may use your
textbook for this class along with your in-class notes and homework solutions. You
are not allowed to use any other materials. You are also not allowed to consult with
anyone about this test. In other words, this should be solely your work with the use
of (at most) class materials.

Problem 1. (15 points) Two prime numbers p and q are called twin primes if
q = p + 2. Prove that there exists an integer a such that p|(a2 − q) if and only if
there exists an integer b such that q|(b2 − p).

Remark: It is a famous open problem to prove that there are infinitely many twin
primes.
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Problem 2. (30 points)
a) - 15 points. Let x be an integer, and let p be an odd prime. Prove that if
p|(x2 + 1), then p ≡ 1 (mod 4).
b) - 15 points. Use part a to prove that there are infinitely many primes congruent
to 1 mod 4.
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Problem 3. (30 points) As usual, write µ for the Möbius function, and ω the
number of prime divisors function. Prove the following two formulas:

a) - 15 points. For any positive integer n,

µ(n)µ(n+ 1)µ(n+ 2)µ(n+ 3) = 0.

b) - 15 points. For any positive integer n,∑
d|n

|µ(d)| = 2ω(n).
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Problem 4. (15 points) Let n > 2 be an integer. Define S(n) to be the sum of
all integers t such that 1 ≤ t ≤ n and gcd(t, n) = 1. Let ϕ(n) be Euler ϕ-function.
What is S(n)/ϕ(n) equal to?
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Problem 5. (10 points) Let p be an odd prime, and suppose that a and b are
primitive roots modulo p. Prove that ab is not a primitive root modulo p.
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Problem 6. (10 points)
Tchebyshev said, and I’ll say it again -
There is always a prime between n and 2n

This statement is called Bertrand’s postulate. We will not quite prove that.
Instead, use Tchebyshev’s Theorem to prove that there exists a positive real number
C such that for any real number x > C there exists a prime p such that

x < p ≤ 200x.
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Problem 7. (10 points) Let k,m1, . . . ,mk+1 be positive integers, each greater
than 1. Assume that the integers m1, . . . ,mk+1 are pairwise relatively prime. Prove
that there exist k+1 consecutive integers n, n+1, . . . , n+ k such that m2

i+1|(n+ i)
for each 0 ≤ i ≤ k.


