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2 LENNY FUKSHANSKY

1. NOTATION AND SETS

We will start with some algebraic notation and definitions of all the
necessary standard number sets. Our objective is to develop natural
motivation for the introduction of different number sets. We leave
many technical details to the exercises.

Definition 1.1. Let S be a set and let x : S x S — S be a binary
operation on S. It is implicit in this notation that S is closed under x,
i.e. for every a,b € S, axb € S. This operation is called associative
if for any a,b,c € S,

ax(bxc)=(axb)*c.

The operation * is called commutative if a x b = b* a for all a,b €
S. The set S with an associative binary operation % on it is called a
semigroup, we will denote the pair by (S, %). A semigroup (S, *) is
called abelian if the operation * is commutative on S. A semigroup
(S,%) is called a monoid if there exists an element e € S, called
identity, such that e x a = a x e = a for every a € S. A monoid (S, )
is called a group if for any a € S there exists b € 5, called inverse of
a and denoted @', such that a xb=b*a = e.

Exercise 1.1. Let (S,*) be a group.

(1) Prove that identity e in S is unique.
(2) Prove that for every a € S, inverse a=' € S is unique.
(3) Prove the cancellation laws:

ifaxb=axc then b=c,
ifbxa=cx*xa then b= c.

A semigroup (9, %) is said to be generated by a subset C' C §
if every a € S can be described as a product (with respect to *) of
some finite collection of elements in C' in any order and possibly with
repetition. A power of an element a € S is a product of a with itself
(with respect to %) some finite number of times. For example, we can
define the set of natural numbers, which we denote by

N:={1,2,3,...}

as the set of all powers of the element 1 under the operation +, which
we call addition.

Exercise 1.2. Prove that (N,+) is an abelian semigroup, but not a
monoid.
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We introduce the additional element 0, defined by the property
Ot+ta=a+0=a
for every a € N and write
No=NuU{0} ={0,1,2,3,... }.
Exercise 1.3. Prove that (Ng,+) is a monoid, but not a group.

For each element a € N we define its inverse under +, denoted by —a.
Now the set
Z=A...,-3,-2,—-1,0,1,2,3,...}

is called integers.
Exercise 1.4. Prove that (Z,+) is an abelian group.

Definition 1.2. Let R be a set with two associative binary opera-
tions +,- : R x R — R on it: we refer to + as addition and to - as
multiplication. (R, +,-) is called a ring if:

(1) (R,+) is an abelian group.

(2) (R,-) is a semigroup.

(3) Multiplication distributes over addition, i.e.

(a+b)-c=(a-c)+ (b-c),

a-(b+c)=(a-b)+ (a-c).
The additive identity in R is denoted by 0. A ring (R, +, ) is said to
have (multiplicative) identity if there exists an element 1 € R such
that 1-a =a-1=a for all a € R. A ring R is called commutative if
its multiplication is commutative. For each element a in a ring R, we
write —a for its inverse under +. If R has identity 1, we write and a™!
for the inverse of a € R under -, if it exists. Elements in R that have
multiplicative inverses are called units, and the set of units is denoted

by R*, i.e.
R*:={a€ R:3be Rsuchthat a-b=1}.

Remark 1.1. For the operations of addition + and multiplication -, we
will often write a — b to denote a+ (—b) and a/b or § to denote a-b~",
whenever b~! exists.

Exercise 1.5. Let (R,+,-) be a ring.
(1) Prove that0-a=a-a =0 for every a € R.
(2) If R has identity, prove that (R*,-) is a group.
(3) Prove that 0 € R is not a unit.
(4) Prove that —a = (—1) - a for every a € R.
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Definition 1.3. A commutative ring (R, +,-) with identity is called a
field if every 0 # a € R has a multiplicative inverse, i.e. R* = R\ {0}.
In other words, (R, +) and (R \ {0}, ) are both abelian groups.

Definition 1.4. A subset T of a semigroup (respectively, monoid,
group, ring, field) S is called a sub-semigroup (respectively, sub-
monoid, subgroup, subring, subfield) if it is itself a semigroup
(respectively, monoid, group, ring, field) under the same operation(s)

as S.

Exercise 1.6. Prove that (Z,+,-) is a commutative ring with identity,
but not a field. Furthermore, Z* = {1, —1}.

To construct an example of a field, we want to “invert” nonzero
integers, i.e. to introduce the operation of division. This can be done
by constructing the set of rational numbers. For this, we first need the
notion of an equivalence relation.

Definition 1.5. A relation ~ on a set S is called an equivalence
relation if it is:

(1) Reflezive: a ~ a for every a € S,
(2) Symmetric: if a ~ b then b ~ a for all a,b € 5,
(3) Transitive: if a ~ b and b ~ ¢ then a ~ ¢ for all a,b,c € S.

For each a € S the set
S(a) :={be S:a~b}

is called the equivalence class of a. From the definition it is clear
that any two equivalence classes in S with respect to ~ are either equal
or have empty intersection. This property allows to represent S as a
disjoint union of equivalence classes under ~.

Exercise 1.7. Let us write
7? = {(a,b) : a,b € Z},
and let
72 :={(a,b) €Z°: b#0}.
Define a relation ~ on Z? as follows:
(a,b) ~ (¢,d) ifa-d=b-c.

Prove that this is an equivalence relation on Z2. An equivalence class
in 72 under this equivalence relation is called a rational number,
and the set of all such equivalence classes is denoted by Q. Notice that
7 C Q, since each a € Z corresponds to the equivalence class (a,1).
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We usually denote an element of Q as %, where a,b € Z with b # 0,
which is precisely the equivalence class of (a,b) in Z?: indeed, g =cif
and only if a-d = b-c. By a certain abuse of notation, we also write
7 for any choice of a representative of its equivalence class.

Exercise 1.8. Define addition and multiplication on Q as follows:
a ¢ ad+bc

b dT Thd
a c_ac
b d " bd

where in the expression like ad + bc we are using addition and multi-
plication operations on 7.

(1) Prove that these operations are well defined. In other words, if

a _a ,ngc_c

(2) Prove that (Q,+,-) is a field.

Our next goal is to construct the set of real numbers R. First we
introduce a metric on Q.

Definition 1.6. Each element of Z can be expressed as
1+ +1
n times or
(1) (1)
also n times, i.e., it is either n-th power of 1 or of —1. In either case,

we define its absolute value to be n. We denote absolute value of
a € Z by |a|. Notice that for each a € Z, |a|] € Ny.

Definition 1.7. A partial order on an abelian group (G,+) is a
relation <, which is

(1) Reflezive: a < a for every a € G,

(2) Antisymmetric: if a < b and b < a, then a = b,

(3) Transitive: if a < b and b < ¢, then a < c.
This order is called translation invariant if a < b implies a+c¢ < b+c¢

for every a,b,c € G. Write 0 for the identity in (G,+). An element
0 # a € G is called positive if 0 < a and negative otherwise.

Let us introduce a relation < on Z by defining
<3< 2<-1<0<I2<3<..

We write a < b if either a < b or a = b for a,b € Z. We write a > b or
a>bif b<aorb< a, respectively.
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Exercise 1.9. Prove that this relation is a translation invariant partial
order on 7.

We can now extend this partial order to Q. Let ¢, 5 € Q. We say that
§<¢ if and only if a-d < b - ¢ for any choice of representatives of the
corresponding equivalence classes. Since 0 € Z C Q, we can talk about
positive and negative rational numbers, same as we do about integers.

We also extend the absolute value | | to rationals by defining

a _

5= lal - |b] 7' € Q.
Exercise 1.10. Prove that the following is an equivalent definition of
absolute value on Q: for eachr € Q, |r| = r ifr is positive and |r| = —r

if 7 is negative.

Definition 1.8. Let {z;}°, be a sequence of rational numbers, we
will denote it by (z;) for brevity of notation. It is called a Cauchy
sequence if for every positive rational number € there exists a positive
integer N such that for all integers m,n > N,

|zm — x| < e

Define addition and multiplication of Cauchy sequences component-
wise:
(i) + (i) = (@i + i), (@) - (vi) = (@i - wa)-
It is clear that these operations are commutative.

Exercise 1.11. Prove that the sum and product of Cauchy sequences
are again Cauchy sequences.

Each rational number r can be identified with a constant Cauchy se-
quence (r) := {r,r,r,...}, and the zero Cauchy sequence is (0) :=
{0,0,0,...}. It is easy to see that it is the additive identity among
Cauchy sequences, i.e. (x;) + (0) = (z;). We can define the addi-
tive inverse of a Cauchy sequence (x;) to be —(z;) := (—x;): indeed,
(@) + (= (%)) = (2 — 2;) = (0).

We now introduce an equivalence relation on Cauchy sequences: two
sequences (z;) and (y;) are said to be equivalent if for every rational
€ > 0 there exists some positive integer N such that for all i > N

|lzi — yil <e
Exercise 1.12. Prove that this is indeed an equivalence relation.

The set of all equivalence classes of Cauchy sequences of rational num-
bers is called the set of real numbers, denoted R. From our above
discussion, it is evident that Q C R.
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Exercise 1.13. Let us write ((x;)) for the equivalence class of the
Cauchy sequence (x;). Prove that the operations of addition and mul-
tiplication on the set of Cauchy sequences induce analogous operations
on the equivalence classes of Cauchy sequences, i.e.

(@) + () = (@i + i), (22)) - (i) = (i - 92)) -

By our previous arguments, we know that these operations are commu-
tative and that (R,+) is a group. Prove that (R\ {{(0))},-) is a group,
this way establishing that (R, +,-) is a field.

We can define absolute value on R as follows: given ((z;)) € R, let

[((zi)] := (([zi])) € R.

It is also possible to introduce ordering on R: we say that ((x;)) <
((y:)) (respectively, <, >, or >) if for any two representatives of these
equivalence classes, there exists a positive integer N such that for all
i > N, || <|yi| (respectively, <, >, or >).

From here on, we will assume a less formal and more common no-
tation of rational and real numbers, as we are used to from school,
while always keeping in mind the actual meaning of these objects. For
instance, the notion of a convergent sequence of rational numbers from
calculus is simply a Cauchy sequence in our language, and the limit of a
convergent sequence is simply the real number which is this Cauchy se-
quence. With this in mind, we will use the standard calculus notation.

Finally, we construct complex numbers. Define
C:={(a,b) : a,b,e R}.

An element (a, b) of C will be called a complex number with its first
coordinate a referred to as its real part and its second coordinate b as
its imaginary part. We define addition + and multiplication - on C
as follows:

(a,b) + (¢,d) = (a+¢,b+d), (a,b) - (c,d) = (ac — bd, bc + ad),

where in the expression like ac — bd we are using addition and multi-
plication operations on R.

Exercise 1.14. Prove that (C,+,-) is a field.

We define an important functions on C, called conjugation:

_:C—->C
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by (a,b) := (a,—b). For each (a,b) € C, (a,b) is called the conjugate
of (a,b). We can identify R with the subset of all complex numbers
with imaginary part equal to 0, hence R C C. In fact,

R = {(a,b) eC:(a,b) = (a,b)}.

Geometrically speaking, C can be thought of the real plane R? and R
is identified with the horizontal axis in it. This definition, however, is
somewhat formal and does not reflect the motivation for the construc-
tion of C.

Indeed, notice that all of our other number sets thus far have been
naturally motivated: natural numbers are introduced for counting pur-
poses; integers are defined to give a full group (and ring) structure to
natural numbers, in other words to define the subtraction operation;
rational numbers allow for division, hence embedding integers into a
field; real numbers are defined to include limits of rational Cauchy se-
quences. What is the purpose of complex numbers? Notice that there
are polynomial equations with real coefficients that do not have real
roots, like 224 1. Introduction of the imaginary unit i = v/—1 remedies
this situation. The main feature of 7 is that it is linearly independent
with 1 over reals, i.e. it cannot be expressed as any real multiple of the
number 1. Geometrically this can be interpreted by identifying 1 with
the unit vector (1,0) in the real plane and ¢ with the unit vector (0, 1).
Complex numbers are then defined as spang{1, ¢}, which coincides with
our definition above. Due to this interpretation, we can also use the
notation a + bi for a complex number previously denoted by (a,b).

In fact, one can view introduction of each next number set in terms
of solving polynomial equations. For instance, an equation of the form
x +m = 0 with m > 0 has coefficients in natural numbers, but no
solution in natural numbers: it is however solvable over Z. Similarly, an
integral equation mx+n = 0 does not necessarily have integer solutions,
but has solutions over Q. Then z2 — 2 = 0 is only solvable over R, but
not over Q, and finally 22 + 1 = 0 only has complex roots. The idea
of differentiating numbers in terms of their properties as solutions or
non-solutions to polynomial equations with integer coefficients will be
central to these notes.

Given a commutative ring R with identity, we will write R[z| for the
set of all polynomials in the variable x with coefficients in R. In other
words, R[z] is the set of all finite formal sums

p(z) =ag+ a1z + -+ + a,z”,
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where n € Ny, ag,...,a, € R, x can take any values in R, and z*
stands for the k-th power of x under multiplication on R. We can
define addition and multiplication of polynomials as follows:

n m max{n,m}
Z aixi + Z bj.ﬁ(fj = Z (ak + bk)ﬂ?k,
i=0 j=0 k=0
where ay or b, for k > n or k > m, respectively, is taken to be 0, and

=0 j=0 i=0 j=0

Exercise 1.15. Prove that R[x] under the above operations is a com-
mutative ring with identity.

An element o« € R is called a root of a polynomial p(x) € R|x] if
p(a) = 0. A field K is called algebraically closed if every polynomial
in K[z] has a root in K. Here is an important fact, that we give here
without proof (we give a proof in Appendix B).

Theorem 1.1 (Fundamental Theorem of Algebra). The field of com-
plex numbers C is algebraically closed. As a consequence, any polyno-
mial p(x) € Clz] of degree n has precisely n roots in C, counted with
multiplicity.

2. BRIEF REMARKS ON EXPONENTIAL AND LOGARITHMIC
FUNCTIONS

Before we continue, it will also be useful to define the notion of ex-
ponential and logarithmic functions. We give only an abbreviated and
restrictive definition here; for a detailed treatment of this important
topic, the reader may want to consult a good book on real and com-
plex analysis, such as [5].

We start with some more algebraic notation.

Definition 2.1. A function f : G — H between two groups (G, %) and
(H, x) is called a group homomorphism if

flaxb) = f(a) x f(b)
for all a,b € G. A function f: R — S between two rings (R, +,-) and
(S, *, x) is called a ring homomorphism if
fla+0b)= f(a)* f(b), fla-b)=f(a)x f(b)
for all a,b € R. If R and S are both fields, we may refer to f as a
field homomorphism. Notice, however, that it is possible for a ring
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homomorphism to exist between two rings of which one is a field and
one is not.

Exercise 2.1. Let f : G — H be a homomorphism between groups
(G,*) and (H, x). Prove that f carries identity to identity, inverses
to inverses, and powers to powers. In other words,

fleg) = eu, f(a™') = f(a)™", f(a") = f(a)"
for all a € G, n € N, where eq, ey are identity elements in G and H,
respectively.

Exercise 2.2. Let f : R — S be a homomorphism between rings
(R,+,-) and (S, *, X). By the above exercise, it is clear that

f(0r) =05, f(=a)=—f(a), f(na)=nf(a)

for alla € R, n € N, where O, 0g are additive identity elements in R
and S, respectively. Prove that in addition

fg) =1s, fa™') = fl@)", f(a") = f(a)"
for all a € R (provided a™! exists in R), n € N, where 1g, 1g are
multiplicative identity elements in R and S, respectively.

Exercise 2.3. Use the properties of ring homomorphisms you just es-
tablished to prove that if f : Q — Z s a ring homomorphism, then
fla) ==1 for all0 # a € Q.

Definition 2.2. A group or ring homomorphism f : R — S is called
injective or one-to-one if

fla) # f(b) Va#beR.

The homomorphism f is called surjective or onto if for every b € S
there exists a € R such that f(a) = b. A homomorphism that is
injective and surjective is called an isomorphism. An isomorphism
always has an inverse, i.e. there exists an isomorphism f=!:S — R
such that f~'(f(a)) = a and f(f7'(b)) = b for alla € R, b € S,
and this inverse is unique. If there exists an isomorphism between two
groups or rings R and S, we say that they are isomorphic, denoted
by writing R & S.

Exercise 2.4. Prove that isomorphism is an equivalence relation on
the set of all groups, on the set of all rings, and on the set of all fields.

Exercise 2.5. Let f : R — S be a group or ring homomorphism.
Define the kernel of f to be

Ker(f) :=={a € R: f(a) = es},
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where eg stands for the additive identity in S in case of rings. Prove
that Ker(f) is a subgroup or subring of R, respectively, and that f
is injective if and only if Ker(f) = {er}. If R is a field, prove that
Ker(f) = {0gr} or R.

Our main goal in this section is to define the exponential function
fa : C — C given by f,(z) = a® for each base a € C and outline some
of its basic properties. We will do this in multiples steps. First assume
that 0 # a € C and b € N, then

a®:=a-----ataken b times, a®:=1, 0°:=0, a®:= (a™1)".

If b=" ¢ Qo with ged(m,n) = 1 (a fraction can always be reduced)
and a is a positive real number, then a® is defined as the unique positive
real root of the polynomial

z" —a™ € Rz].

Exercise 2.6. Let p(x) = 2™ — a™ for n,m € N with ged(m,n) = 1
and a € Ryy, as above. Prove that p(x) has precisely one positive real
T00t.

Remark 2.1. One important instance of a fractional power of a real
number is the extension of the absolute value function to the field
of complex numbers. Given a complex number a = a; + ias, where
ai,as € R, notice that

aa = (a1 +ias)(a; — iag) = a% + a% e R.

Then |a| is defined as the unique positive real root of the equation

2? — aa = 0, which can be denoted by writing

la| = y/a? + d2.

In case a is real, i.e. as = 0, this definition coincides with our previous
definition of absolute value on real numbers.

We also define a=® := (a™!)?, same as for integer exponents. Now, if
b € R, then there exists a rational Cauchy sequence {c, }22; converging
to b, and so we define

(1) a’ = lim a.

n—oo

Remark 2.2. Equation (1) above needs some clarification. Consider the
sequence (a,) = {a“}2,. Each element a, of this sequence is a real
number, and it can be shown that this sequence is a Cauchy sequence
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of real number, meaning that for every positive real number e there
exists a positive integer N such that for all integers m,n > N,

| — ay| < e.

A famous result in analysis (can be found in most standard analysis
books) is that a Cauchy sequence of real numbers converges to a real
number. In the language of our Section 1 above, this means that every
Cauchy sequence of real numbers is equivalent to some Cauchy sequence
of rational numbers. A field with this property is called complete, and
R is the most common example of a complete field. Hence a® in (1) is

precisely the equivalence class of the Cauchy sequence {a®}>2 ;.

Exercise 2.7. Let a,b € Ry, ¢,d € R. Prove that
(2) a“™ = a%a?, (ab)® = at?,a* = (a°)”.

Conclude that for each a € Ryg, a # 1, the exponential map = —
a® is an injective group homomorphism from Z, Q, or R (viewed as
additive groups) to R™ =R (viewed as a multiplicative group).

In fact, the exponential map is an isomorphism of abelian groups (R, +)
and (R*,-) (we do not prove it here, but a proof can be found in many
standard algebra and analysis books). The inverse of this isomorphism
is called the logarithmic function with base a, denoted log, z.

Next, let us recall a definition of e. Let a € Ry and consider the
exponential function with base a, f,(z) = a® for z € R. Notice that
the derivative of this function at z is

ax+h —a® ah -1
/ 1 _ T 1:
O -
and so
f2(0) = li 1
o\V) =310

This limit depends only on a, and there exists a unique value of a for
which this limit is equal to 1. This value is called e. Hence e is the
unique value of the base a for which the graph of f,(z) has slope =1
at x =0, as well as f,(z) = f/(x) for all x. It is also possible to define
e in terms of its well-known properties:

=1 , 1\"
ezzgm:g?}o(”ﬁ) = 2.71828.. .,

€1
/—d:c:
LT

as well as
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This number is denoted by e in honor of Leonard Euler, who was first
to prove its irrationality in 1737, although the number itself was first
introduced by Jacob Bernoulli in 1683.

Recall from calculus the following power series expansions:

. o0 " & (_1)711.271 ' e (_1)n$2n+1
(3) e :Zm, COSZE:ZW, SIHIL‘:ZW.
n=0 n=0

n=0

Exercise 2.8. Prove that the power series in (3) above converge for
all z € C.

Notice that one can treat these convergent power series expansions as
definitions of e, cos x, and sin z for any complex number z. In case of
e, we choose to derive a formula that is easier to use.

Exercise 2.9. Use expansions (3) to prove Euler’s formula, established
by him in 1740:

(4) e’ =cosz +isinz

for all x € C. Furthermore, using Euler’s formula, prove that any
complex number a + bi can be written as

a4+ bi = |a+ bile" = Va2 + 2 e

for some 0 € R. Here v/a?+ b? is called the modulus and 0 the
argument of a + bi, denoted arg(a + bi). It is not hard to notice that
modulus and argument identify the complex number uniquely.

Remark 2.3. Notice that the argument of a complex number is not
uniquely defined: it is easy to see from Euler’s formula that if 6 is
equal to arg(a) then so is § + 2wn for any n € Z. This problem leads
to the general logarithmic function not actually being a function in the
usual meaning of this word, but a multivalued function instead. We
avoid this complication by restricting the argument: from here on, we
will assume that
—rm <arg(a) <nVaecC

whenever it matters. Placing this restriction is usually called selecting
the principal branch.

Now let a € C and b € R. We can define
ab = (|a]eiarg(“))b = |a|’e® (@ = |q|® (cos(barg(a)) + i sin(barg(a))),

by Euler’s formula. In other words, a’ is the complex number with
modulus |a|’ and argument barg(a). It is easy to notice that the prop-
erties (2) of Exercise 2.7 apply to this situation as well.



14 LENNY FUKSHANSKY

We can now define the exponential for any base and exponent. We
want our general definition to be consistent with all previous cases,
which in particular means that me must have

(ab>c — acbc’ CLb—i—c — abac’ abc — (ab)c
for all a,b,c € C. Let a,b € C. It will be convenient to write a =
la|e?®8(@ b = by + byi. Then
b by

ab = a" a2,

a

We already know what a® is, so it only remains to define

ibo

aibg _ |a|ib2 (eiarg(a)) _ |a|ib2€z‘2b2 arg(a) _ |a|ib26—b2 arg(a)‘

Now, |a| € R*, and hence by our discussion above
|CL| — eln|a|7
where In := log,. Then

|a’ib2 — (eln|a|)ib2 _ 6ib21n|a|.

Thus we have
(5)

a’ = |a|"e

by— bg arg(a)

—by arg(a) ei(b1 arg(a)+bzInlal)) _ |a| Tnjal  pi(b1 arg(a)+b2 In|al))

for any a = |ale’®#(® and b = by + iby in C.

Now for every a € C, we have the exponential function with base
a, fo : C — C given by f,(z) = a”. It is a homomorphism of groups
(C,+) and (C*,+), which is surjective whenever a # 0,+1, however is
not injective: its kernel is equal to {2n7i : n € Z} as can be seen from
Euler’s formula. Restricting the argument of z to the interval [—m, 7),
as discussed above, we can define the inverse of f,, the logarithmic
function, denoted by log,: since f, is surjective, for each y € C there
exists the unique x € C with arg(z) € [—m, 7) such that a® = y; define
log,(y) to be this x.

Remark 2.4. Unfortunately, our restriction of argument causes the log-
arithmic function not to be continuous. This difficulty can be overcome
by introduction of a Riemann surface for the logarithm function, which
is usually done in complex analysis (see, for instance, [5]). We choose
not to do this here, since it would take us in a rather different direction
from where we plan to go.

Exercise 2.10. Derive a power series expansion for the exponential
function f,(x) = a® with base a € C, a # 0,%1, which converges for
all v € C.
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3. BASIC PROPERTIES OF ALGEBRAIC AND TRANSCENDENTAL
NUMBERS

We will start out with basic definitions and properties of algebraic
and transcendental numbers.

Definition 3.1. A complex number « is called algebraic if there exists
a nonzero polynomial p(z) with integer coefficients such that p(«) = 0.
If « is not algebraic, it is called transcendental.

Remark 3.1. More generally, we will say that « is algebraic over K
for some field K if there exists a polynomial p(x) € K[z] such that

pla) = 0.

In other words, transcendental numbers are complex numbers that do
not satisfy any polynomial equation with integer coefficients. We will
write A for the set of all algebraic numbers and T := C \ A for the set
of all transcendental numbers.
Examples of algebraic numbers are easy to construct. In fact, it is
m

easily seen that every rational number  is algebraic: it is the root of
polynomial p(z) = nz — m. More generally, any number of the form

(%)1/ k, where m, n are integers, n # 0, and k a positive integer is also
algebraic: it is a root of the polynomial p(z) = naz* — m. Notice that
this example includes such instances as v/2, i = v/—1, and many others.
These examples and the ease with which they can be constructed may
give an impression that most complex numbers are algebraic. In fact,

this is not true. Our first goal is to make this idea rigorous.

First let us introduce some additional notation. Recall that we write
Z[z] for the ring of all polynomials with integer coefficients. We think
of constants as polynomials of degree 0, and hence Z C Z|x].

The degree of an algebraic number « is defined as

deg(a) := min{deg(f(x)) : f(x) € Z[z], f(a)=0}.

Exercise 3.1. Let o € A and let f(x), g(x) € Z[z] be two polynomials
of degree deg(«) such that f(a) = g(a) = 0. Prove that f(x) = cg(x)
for some constant c.

Let d = deg(a) and let f(z) = 2% _ ana™ € Z[z] be a polynomial of
degree d such that f(«) =0, ged(ao, .. .,aq) = 1, and ag > 0. By the
exercise above, this polynomial is unique for each a € A: it is called
the minimal polynomial of «, denoted by m,(z). A polynomial
p(z) € Z[z] is called irreducible if whenever p(z) = f(z)g(z) for

some f(z),g(z) € Z[z] then either f(x) or g(x) is equal to £1.



16 LENNY FUKSHANSKY

Exercise 3.2. Prove that m,(x) is irreducible for each o € A. Further-
more, prove that if p(z) € Z[z] is such that p(a) = 0, then mq(z) | p(z),
i.e. there exists some g(x) € Z[z] such that p(x) = mq(x)g(x).

Remark 3.2. Minimal polynomial of a complex number can be defined
over any subfield of C, not only over Q or Z. Specifically, if o € C and
K is a subfield of C, we define the minimal polynomial of o over K
to be a polynomial p(x) with coefficients in K and leading coefficient
1 of minimal degree such that p(a) = 0, if such a polynomial exists. It
is then not hard to see (the proofs are left to the reader) that p(x) is
irreducible over K and is unique. Furthermore, p(z) divides (over K)
any other polynomial with coefficients in K which has « as its root,
analogously to the properties over Z described in Exercise 3.2 above.

A polynomial p(xz) € Z|x] is called separable if all of its roots are
distinct. We will use the following fact without proof.

Fact 3.1. Irreducible polynomials in Z|x] are separable.

Definition 3.2. A set S is called countable if there exists a bijective
(i.e., one-to-one and onto) map f: N — S.

Lemma 3.2. Let S1,S55,... be a collection of finite sets. Then their

UNION
oo
s=Us.
n=1

s countable.
Proof. For each n > 1, let a,, be the cardinality of S,,, and write
Sn ={Tn1,- -+, Tna, }-
Then we can write
S =A{Z11,, T1ay, T21s -+, T2agy - - - -

Let y,, be the m-th element of S with respect to the above ordering,
i.e. Yy = xp; for some n and j such that

ar+ -t ap_1+j=m.

Then define f : N — S by f(m) = y,,. This map is clearly a bijection,
and hence S is countable. O

Lemma 3.3. The set N x N is countable.
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Proof. Notice that
NxN = {(m,n):m,ne N}
= {(m,n):mneN, m<n}tU{(m,n):mneN, m>n}

- (U{(m,n) :mSn}) U <U{(m,n):n<m}),

which is a (countable) union of finite sets, and hence it is countable by
Lemma 3.2 above. O

Lemma 3.4. A countable union of countable sets is countable.
Proof. Let 51,55, ... be countable sets, say

S% ::{xn17xn27--'}7

S:DSn.
n=1

Then notice that there is a bijection f : NxN — S| given by f(n,m) =
Tnm- By Lemma 3.3, N x N is countable, i.e. there exists a bijection
g : N —= N x N. Since a composition of two bijections fog: N — S is
again a bijection, we conclude that S is countable. U

and let

Exercise 3.3. Prove that any infinite subset of a countable set is count-
able. Use this fact to conclude that a superset of an uncountable set is
uncountable.

Lemma 3.5. Let m > 1. The set
" :={a=(ar,...,an):a,...,a, €L}
s countable.
Proof. We argue by induction on m. First suppose that m = 1, then
the set
Z =NU—-NU {0},
where —N = {—z : x € N}. This is a union of two countable sets and

one finite set, hence it is countable. Now suppose that the statement
of the lemma is true for m = d — 1. We prove it for m = d. Notice that

74 = ( U{@.a):ze zd—1}> U (U{(a:, —a):x € Zd‘1}> :
a€Np aeN

Each set like {(x,a) : * € Z91} or {(x,—a) : © € Z4 !} for a € N

is in bijective correspondence with Z? !, and hence is countable by

induction hypothesis. Therefore Z¢ is a countable union of countable

sets, and hence is countable by Lemma 3.4. U
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Remark 3.3. One can use Lemma 3.5 along with Exercise 1.7 to deduce
that Q is a countable set. Indeed, Exercise 1.7 constructs rational
numbers as the set of equivalence classes of the subset Z? of Z? under
the specified equivalence relation. Identifying these equivalence classes
with some choice of their representatives, we can view QQ as a subset
of Z2. Lemma 3.5 implies that Z? is countable, and then Exercise 3.3
guarantees that Q is countable.

We will now prove a much stronger fact, namely countability of the
set of all algebraic numbers, from which countability of QQ follows yet
again by Exercise 3.3.

Theorem 3.6. The set A of algebraic numbers is countable.

Proof. Notice that each o € A is a root of some polynomial in Z[z].
Furthermore, each polynomial p(x) € Z[z] has finitely many roots. For
each p(x) € Z[z], let R, be the set of all roots of p(z). Then

This union is not disjoint, i.e. roots may be repeated. Hence, if we
just think of this union as a list of elements with repetition, then A is
formally a subset of Up(x) ezjz) Ftp- Now notice that each polynomial

p(z) = Z a,z" € Z[z]

can be identified with its vector of coefficients (aq,...,aq) € Z41,
where d = deg(p(x)). This defines a bijection between Z[x] and the
set Ugen, Z+1 . which is a countable union of countable sets, hence is
countable. Therefore J,,)cz,) [ty i & countable union of finite sets,
hence is countable, and so its subset A is also countable. 0

Remark 3.4. In fact, we could rephrase the proof Theorem 3.6 in terms
of just irreducible polynomials. In other words, there is a bijection
between A and the disjoint union of sets of roots of all irreducible
polynomials in Z[z]. Since the set of irreducible polynomials is an
infinite subset of the countable set Z[z], it is itself countable, hence we
are done.

In contrast, let us consider the set of all real numbers.

Exercise 3.4. Let a < b be real numbers and let I = [a,b] be a closed
interval. Prove that I contains infinitely many real numbers.

Theorem 3.7. The set R of all real numbers is uncountable.
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Proof. Assume that R is countable. Then there exists some bijection
f N — R. Let us write z,, := f(n) for each n € N; so the image of f is
the sequence (,)nen of distinct real numbers, which is supposed to be
equal to all of R. We will reach a contradiction by showing that every
sequence (,)nen of distinct real numbers misses at least one x € R.
Indeed, let (z,)nen be such a sequence. We define a nested family
of intervals as follows. Let a; = min{zy,22} and by = max{xy, s}
Since the elements of our sequence are all distinct, a; < by, and hence
I, := [ay, b1] is an interval, not a singleton. If I; contains only finitely
many x,’s, then pick some x € [; which is not one of these numbers
(by Exercise 3.4 above, such x must exist), and we are done. Then
assume [, contains infinitely many z,’s. Let y and z be the first two
such elements, with respect to index, in the interior of [; and let ay =
min{y, z}, by = max{y, z} so ay < by and Iy := [as,bs] is again an
interval with non-empty interior such that Iy C [;. Continue in the

=

same manner to obtain a nested sequence of intervals:

.Cl,CI,,C---CI,CI,

-

where each I,, = [a,, b,] with a,, < b,. Then notice that
A < Qg < o < Uy <y < -+ < by <bp_qg <o < by <by.

Therefore (ay,)nen (respectively, (b, )nen) is a monotone increasing (re-
spectively, decreasing) sequence, which is bounded from above (respec-
tively, below). By the Monotone Convergence Theorem (recall from
Calculus), these sequences have limits, let us write
A:= lim a,, B := lim b,.
n—oo n—oo

It is clear that A < B, so the closed interval I = [A, B] is not empty.
Let h € I, then h # a,,b, for any n € N. In fact, we will show that
h # x, for any n € N.

Suppose that h = x; for some k € N, so there are finitely many
points in the sequence (x,,),en before h occurs, and hence only finitely
many a,’s preceding h. Let aq be the last element in the sequence
(an)nen preceding h. Since h cannot be equal to aq, ag < h, i.e. h is
in the interior of I;. Since it is contained in the limiting interval I,
it must be contained in Igy1 = [ag41,bay1] by our construction of the
intervals. But this means that ag < agy1 < h, which contradicts our
choice of ay.

This shows that h is not an element of the sequence (x,),en, and
hence at least one real number is not in this sequence. This means that
R cannot be countable. 0
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Remark 3.5. The fact of uncountability of reals was first established by
Georg Cantor in 1874. In fact, Cantor presented at least three different
proofs of this fact, including his famous diagonal argument (1891). Our
proof of Theorem 3.7 above follows Cantor’s first argument (1874).

Since R C C, we conclude that C is also uncountable, by Exercise 3.3.
Now recall that C = AUT, and A is countable. This means that T, the
set of transcendental numbers, is uncountable. Loosely speaking this
means, that most complex numbers are in fact transcendental. Ironi-
cally, while constructing algebraic numbers is quite straightforward, as
seen above, it is not at all easy to construct a transcendental number.
Indeed, suppose we take a complex number a.. To prove that it is alge-
braic, we can find its minimal polynomial m,(z) € Z[z]. Although this
may be somewhat laborious, there are standard techniques in algebraic
number theory that allow for such a construction. On the other hand,
to prove that « is transcendental we would need to establish that « is
not a root of any polynomial in Z[z]|. This kind of fact clearly requires
some sort of indirect argument, which is the reason why it took math-
ematicians until mid-19th century to construct the first transcendental
number. This construction, by Joseph Liouville, used the recently de-
veloped tools in the area of Diophantine Approximation. It is our next
goal to develop the necessary tools and to present Liouville’s construc-
tion.

4. INTRODUCTION TO DIOPHANTINE APPROXIMATION:
DIRICHLET, LIOUVILLE, ROTH

In Section 1 we constructed real numbers from rationals. Then with
Theorem 3.7 we established that the set of real numbers R is uncount-
able. An implication of Theorem 3.6 together with Exercise 3.3 is that
the set of rational numbers QQ is a countable subset of R. In other
words, in a certain sense rational numbers appear to be sparse among
the reals. On the other hand, it is always possible to find a rational
number as close as we want to a given real number.

Theorem 4.1. The set of rational numbers Q is dense inside of the
set of real number R, i.e. if v <y € R, then there exists z € Q such
that

r<z<uy.
Proof. Since y — x > 0, there must exist n € Z such that

n(y —x) =ny —nx > 1,
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so nr + 1 < ny. Let m € Z be such that
m<nr+1l<m+1,

then we have
nr<m<nr+1<ny,

and hence
m
r< — <uy.
n

Let z = ™ € Q, and this finishes the proof. O

Theorem 4.1 implies that, given a real number, we can approximate
it arbitrarily well by rational numbers. For many purposes we may
want to control how “complicated” the rational numbers we use for
such approximations are, i.e. we may want to bound the size of their
denominators. This is the starting point of the theory of Diophantine
Approximation. The first result in this direction dates back to Dirich-
let, and is proved with the use of Dirichlet’s box principle; in fact, this
is most likely the theorem to which this principle owes its name. For
the rest of this section we follow [7].

Theorem 4.2 (Dirichlet, (1842)). Let o € R, and let Q) € Z~y. There
exist relatively prime integers p,q with 1 < q < @ such that

P 1
0 < oy

Moreover, if « is irrational, then there are infinitely many rational
numbers § such that

a——-| < —.

@) q| ~ ¢*

Proof. If o is a rational number with denominator < @), there is nothing
to prove. Hence we will assume that either « is irrational, or it is
rational with denominator > (). Notice that

i1
on-Ularran)

=1

p‘l

Consider the numbers {la}, 1 <[ < @ + 1, where { } denotes the
fractional part function, i.e. {z} = x — [z]. These numbers lie in the
interval [0,1) and are distinct. Indeed, suppose that {la} = {ma} for
some 1 <l <m <@+ 1, then ma — la is an integer, say

ma —la=a(m—1)=k€Z,
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and so a = k/(m—1), where m—1 < (Q+1)—1 = @, which contradicts
our assumption.

1

Q+17 Q+1
the numbers {la}, 1 <1 < @ + 1. In particular, subintervals [O, ﬁ)

Case 1. Suppose that each subinterval [ ) contains one of

and [Q it 1) contain such points, so at least one of them must contain
some {la} with 1 <1 < Q. Therefore, either
1
8 lao —[la]] < ——
®) o ltall < 77
or
9 la —[la] — 1
(9) llov = [lo] = 1] < o

This means that there exists an integer 1 < [ < @) and an integer m
equal to either [la] or [la] — 1, depending on whether (8) or (9) holds,
such that

o —m| <
a—m| < ——
T Q+1
Let d = ged(l,m), and let p =2 and ¢ = é, then
lqd d| < L
a — )
wemr =0T
meaning that
o 1_9' 1 - 1

d(Q+1) ~ a(@+1)’
proving (6) in this case.

i—1
Z2+1 Q+1
some 1 <i < @+ 1 does not contain any of the numbers {la}, 1 <[ <

@ + 1. Since there are () 4+ 1 such numbers and ) + 1 subintervals, one
of the subintervals must contain two such numbers, say [ 5 +11, 3 +1> for

some 1 < 7 < @ + 1 contains {la} and {ma} for some 1 <[ <m <
@ + 1. Therefore

Case 2. Now assume that one of the subintervals [ ) for

1
[(ma: = [ma]) = (la: = [la)| = |(m = a = (jma] = [le])| < F=7
Once again let d = ged((m — 1), ([ma] — [la])), and let p = ™ o‘}d’[la]

and ¢ = , and so in the same way as above we obtain (6).
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a
Q+1

ged(a, @ +1) =1,
then there is equality in (6).

Exercise 4.1. Prove that if o =

for some integer a with

We can now derive (7) from (6): since ¢ < @,

(10) p‘_ 1 1

o — — _—

< =.
¢ " a@+1) ¢
Now suppose that there are only finitely many rationals that satisfy
(7), call them

noom
TR
Let
§= min |a -2 ,
1<i<k n
then § > 0, since « is irrational. Let () € Z~( be such that
1
— < 0.
Q@
By (10), there must exist § with 1 < ¢ < @ such that
P 1
a—=| < — <0,
q‘ q(Q+1)
hence § ¢ {%, e %}, which is a contradiciton. Thus there must be
infinitely many such rationals. U

Remark 4.1. Notice that the argument that derives (7) from (6) is very
similar to Euclid’s proof of the infinitude of primes.

Hurwitz (1891) improved Dirichlet’s bound (7) slightly by showing
that for any irrational a € R there exist infinitely many distinct ratio-
nal numbers § such that

a—=1<

(11) g = V5 ¢

We will now show that in a certain sense (11) is best possible.

p‘ 1

Lemma 4.3. Let o € R be a quadratic irrational satisfying f(a) =0,
where

f(z) = ax® + bz +c
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with a,b,c € Z and a > 0. Write D = b* — 4ac for the discriminant
of f. Then for any real number A > /D, there are only finitely many
rationals ’é such that

« . v
Proof. We know that « is one of the roots of f(x), then let 8 be the
other one, i.e.
f(x) =a(x — a)(x — B) = az® — a(a + Bz + aap,
meaning that b = a(a + 8) and ¢ = aaf. Therefore
D = b* — 4ac = a*(a — )%

Now suppose that for some 2 € Q (12) holds. Notice that since f(z)
is a quadratic polynomial with irrational roots, then

2 2

0+ f<1_9>‘ _ lap +bp2q+cq IS 1
q q

since 0 # ap® + bpq + cq® € Z, hence |ap? + bpq + c¢*| > 1. Therefore

(12) <

1
7 = G)l=el=2ll -
q q q q
@ pl_ 2 1f,_"P _
= Ag q‘_A@F <a q>+(ﬁ “
a P a a \/E
S DN B S - y=

and subtracting X—g from both sides of the above inequality implies

1 VD a
—l1-—]< .
e A A24

The left hand side of this inequality is not 0 since A > v/D, and hence

9 a
< —F.
TS Aa—= VD)
This implies that there are only finitely many possibilities for the de-
nominator ¢, but for each such ¢ there can be only finitely many p so
that (12) holds. This completes the proof. O

_ 145 . .
Remark 4.2. Let a = =52, then the corresponding polynomial

f([[‘):l'2—5(3—17
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and its discriminant is D = 5. By Lemma 4.3, if A > V/5 then there
are only finitely many § € Q such that

- 1
Ag?’

a__
q

which proves that Hurwitz’s bound (11) is best possible.

More generally, for every quadratic irrational o there exists a con-
stant C'(av) > 0 such that for any 2 € Q

(13) ‘a—?] >

q

Cla)
¢
In other words, quadratic irrationals are badly approximable.

Definition 4.1. An irrational number « is called badly approx-
imable if there exists a positive real constant C(«) such that (13)
holds for any § € Q.

As can be expected after the above discussion, algebraic numbers
although are not necessarilly badly approximable, are certainly “worth”
approximable than transcendental. This principle was first observed by
Liouville in 1844.

Theorem 4.4 (Liouville). Let a € R be an algebraic number of degree
d = deg(f) > 2, where f(x) € Z[z] is the minimal polynomial of «
over Q. Then there exists a positive real constant C(«) such that for
any %’ 0)

(14)

Proof. Let
d
f(z) = Zaimi € Zlx].
i=0

Then, since d > 2 means that « is irrational, for each § € Q we have

d

0#q'f (g) => ap'q" € L.

=0
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< 1. Then, since f(a) =0,

We can assume of course that ‘oz — g

()=o)

P "(u) : la—u .
a—g'max{f(UH <1

d

q ) f'(u) du

p/q

1

IN

qd

IN

Then pick C(a) = (max{f'(u) : |a —u| < 1})™", and the theorem fol-
lows. U

Liouville used his theorem to construct the first known example of a
transcendental number.

Corollary 4.5 (Liouville). The number
1

!
an.
n=1

[e.o]

=

1s transcendental for any integer a > 2.

Proof. Let a > 1. For every k € Z+, let
k

1
pk:aklzw, q. = ad" € 7.

n=1
Then
= S B 1 1
‘ Tl ) o (e ) P a(kﬂ)!Zﬁ'
n=k+1 n=k+1 n=0

Clearly > > ain is a convergent series, so let

=1
szga—n,

and then we have

.. _ ¢ _c¢
a(E+D)! ql(gk—&-l) &

(15) ‘a—&

qk

Suppose that « is rational, say a = ¢/d for some ¢, d, € Z. Then (15)
implies that

Cd
leqr — dpr| < =
QK
cd

for infinitely many py/qx as above. The expression = is < 1 for all

k
large enough ¢x. On the other hand, |cq, —dpy| is a nonnegative integer,
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which can be 0 for at most one py/qx; hence |cqr —dpg| > 1 for infinitely
many pi/qx. This is a contradiction, and so o cannot be rational.
Now suppose that « is algebraic of degree d. Then, by Theorem 4.4,
there exists a constant C'(«) such that
Cla
AN
dk 4y
for every k € Z~(. However, if we take k large enough so that
C (Cla
5 < (d)
4y 4y
then (15) implies a contradiction; more specifically, we just need to
take k large enough so that

?

InC —InC(a)
Ina '
This completes the proof. 0

(k- d) >

Remark 4.3. Numbers that can be proved to be transcendental using
Liouville’s theorem are called Liouville numbers; they form a rather
small set. In particular, e and 7 (which are transcendental, as we prove
later in these notes) are not Liouville numbers, and neither are most
transcendental numbers.

Theorem 4.4 implies that if « is an algebraic number of degree d > 2
and p > d, then there are only finitely many 2 € Q with ged(p, q) =1
such that

(16)

a —_ — —

q q*
Indeed, suppose there were infinitely many rational numbers for which
(16) holds. Let C'(«) be the constant guranteed by Theorem 4.4. Let
@ be an integer so that C'(«) > ﬁ Clearly there can be only finitely
many § with ged(p, ¢) = 1 for which (16) holds with ¢ < @, hence there
must be infinitely many such rationals with ¢ > ). Suppose § is one

of them, then

1
p'<

1 1 C
a—-Plo = < < (a),
ql g Qg ¢
which contradicts (14). This proves finiteness of the number of solu-
tions for (16).

For an algebraic number «a of degree d > 2, what is the smallest
possible p for which (16) will have only finitely many solutions? Com-
bining the discussion above with Dirichlet’s theorem (Theorem 4.2),
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we see that

2<p<d+o,
for any 0 > 0. In 1908 Thue proved that u < % + 9; in 1921 Siegel
proved that p < 2v/d 4+ 8. Dyson (1947) and Gelfond (1952) proved
that 1 < v/2d + 8. The major breakthrough came with the famous
theorem of Roth (1955) [4], for which he received a Fields medal in
1958.

Theorem 4.6 (Roth). Let o be an algebraic number. For any § > 0,
there are only finitely many rationals § with ged(p, q) = 1 such that
1

< —=-
q2+5

p
O{—_

q
Remark 4.4. Dirichlet’s theorem shows that Roth’s theorem is best
possible, i.e. the exponent on g in the upper bound cannot be improved.
Notice also that in case o has degree 2, Lemma 4.3 gives a better result.
An outline of the proof of Roth’s theorem can be found in [7]; complete
versions of the proof can be found in [6], [2], and [4].

In other words, Roth’s theorem implies that if « is algebraic, then
the number of sufficiently good rational approximations to « is finite,
so perhaps one can actually count them, although we are not quite
ready to do this. If « is real, but not necessarily algebraic, there may
be infinitely many good rational approximations to «, however we will
now show that there are only finitely many of them within a finite
interval. To prove a result of this sort, we will first need a certain “gap
principle”.

Definition 4.2. A set S C R is called a C-set for a real number C' > 1
if for any two numbers m,n in S, m < Cn and n < Cm.

Notice for instance that a C-set consisting of integers must be finite,
although unless we know at least one of its elements, we cannot say
anything about its cardinality.

Definition 4.3. A set S C R is called a y-set for a real number v > 1
if whenever m,n € S and m < n, then ym < n.

Notice that a y-set can be infinite, but it has a gap principle: its ele-
ments cannot be too close together, i.e., there is always a gap between
them. A set S C Z-( that is both a C-set and a y-set will be called
a (C,v)-set. Notice that a (C,v)-set is always finite. It is possible
to estimate the cardinality of a (C,~)-set without knowing anything
about its elements.
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Lemma 4.7. Let C' > 1 and v > 1, and suppose that S C Ry is a
(C,7)-set. Then

InC
1 <14+ —-.
(17) SI< 1+

Proof. Clearly S is a finite set, so assume
S={me<my < <my},

i.e. |S| =k + 1. Then for each 0 <1i <k,

m; > mey',
and
Cmg > my, > mo".
Hence
and (17) follows. O

Definition 4.4. Given C' > 1, a window of exponential width C
is an interval of real numbers z of type

w §x<wc,
for some w > 1.

We can now use Lemma 4.7 to prove a bound on the number of good
rational approximations to a real number « in a window of exponential
width C' for any C' > 1. We will say that a rational number § is reduced

if ged(p, q) = 1.

Lemma 4.8. Let a € R, § >0, and C > 1. Let No(«) be the number
of reduced rational numbers § such that

P 1
" o=t <
and q s in a window of exponential width C. Then
InC
19 N, <14+ —--.
(19) clo) <1+ 15

Proof. Notice that if x,y are in a window of exponential width C, then

w<r<w’ <2Y w<y<w’ <y,
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for some w > 1, hence z < y“ and y < ¢. Now suppose that % + z—i

are reduced fractions that satisfy (18) with 1 < ¢; < g3 in a window of
exponential width C. Then

1 P m_ﬁ(m ) ( mﬂ
- - | = — — + o — —
4142 q1 q2 q1 q2
D1 D2 1 1 1
< jla——|+|jla——|< + < ,
- @ ‘ | 277 24370 T @t
and so
q2 > Q%M-

In other words, if ¢; < ¢, are denominators of the rational approxima-
tions %, z—j satisfying the hypotheses of the lemma, then

vIng <Ingo,

where v = 1 + 4, i.e. logarithms of these denominators form a ~-set.
On the other hand, if ¢, ¢, are in a window of exponential width C,
then

Ing <Clngy, Ing, < Clngy,
that is these logarithms also form a C-set, hence they form a (C, 7)-set,
and by Lemma 4.7 the cardinality of this set is

<14 InC n InC
- Iny In(1+4)’
but this is precisely the number Ng(a). This completes the proof. [

Remark 4.5. Suppose that 1 < A < B are given, and suppose that we
want to know the number of reduced rational approximations %’ to the

real number a with .

p
a__

q
and A < g < B. Notice that denominators ¢ lie in a window of

exponential width C' = }E—ﬁ, since

<

In B

A=erA<g<B= (elnA)l?ﬁ’
and so by Lemma 4.8, the number of such approximations is

L ()
- In(1 +9)

Definition 4.5. Let « € R and let § > 0. We will call § €eQa

d-approximation to « if ¢ > 0, ged(p,q) = 1, and
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A method similar to the proof of Lemma 4.8 yields the following
result; a proof of this can be found on p. 59 of [7].

Lemma 4.9. Let « € R, § > 0. The number of §-approximations § to
a in a window w < ¢ < wY, where w > 41/9 g
In2C'

<l4+ ——.
=0T In(1+9)

5. SOME FIELD THEORY

Our next goal is to develop some further properties of algebraic and
transcendental numbers. For this we need to introduce some elements
of field theory.

Definition 5.1. Let K and L be fields with the same addition and
multiplication operations such that K C L. Then L is called a field
extension of K, and K is called a subfield of L.

Exercise 5.1. Suppose that L is a field extension of K. Prove that
L is K-vector space. Its dimension is called the degree of this field
extension, denoted by [L : K].

A classical example of field extensions comes from extending a sub-
field of C (often Q) by some collection of complex numbers. Let K C C
be a subfield, ay,...,a, € C, and define K(ay,...,q,) to be the
smallest subfield of C with respect to inclusion that contains K and
A1,y ...,0n,.

Exercise 5.2. Let K and L be subfields of a field M. Prove that their
intersection K N L is also a subfield of M. Use this fact to conclude
uniqueness of K(a,...,ay) as defined above.

Exercise 5.3. Let K C C be a subfield, o, € C, and let K; = K(«),
Ky, = K(B), L = K(a,f). Prove that L = K,(f) = Ky(«). Conclude
that

IL: K| =[L:Ki|[K;: K]=[L:K[K;:K].

Definition 5.2. Let X C C and o € C. We define
Kla] = spang {1, a, o, ... }

n
= {Zamam:ao,...,anEK, nENo},

m=0
i.e., the set of all finite linear combinations of powers of o with coeffi-
cients from K. Then K[a] is a vector space over K, whose dimension
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dimg K[a] is equal to the number of powers of a which are linearly
independent over K.

Exercise 5.4. Prove that dimg Q[v/2] = 2.

Exercise 5.5. Prove that K[a] C K(«) for any subfield K C C and
acC.

We now establish some important properties of algebraic numbers.

Theorem 5.1. Let o € C.

(1) If « is transcendental, then dimg Qo] = oo.
(2) If o is algebraic of degree n, then Q[a] = spang{1,a,...,a" '},
and 1,c,...,a" 1 are linearly independent over Q. Hence

dimg Q[o] = n.

(3) Qla] is a field if and only if « is algebraic.
(4) If v is algebraic, then Q(a) = Q[a.

Proof. To establish part (1), assume that dimg Q[a] = n < co. Then
the collection of n+1 elements 1, v, . .., @” must be linearly dependent,
i.e. there exist cg, ..., c, € Q such that

co+ca+---+c,a” =0.

Clearing the denominators, if necessary, we can assume that cg, ..., c, €
Z, and hence « is a root of Y " _ ¢,,x™ € Z[z], which means that it is
algebraic.

To prove part (2), assume that « is algebraic of degree n and let

n

me(z) = Z amz™ € Zlx],

m=0

where a, # 0 and ag # 0, since m, () is irreducible. Since m,(a) = 0,
we have

(20) Q" = ni (—Z—ZL) am.

Therefore any Q-linear combination of powers of a can be expressed as
a Q-linear combination of 1, ,...,a"'. Now suppose 1,c,...,a" !
are linearly dependent, then there exist cg,...,c,_1 € Q such that

co+ca+ ... cha"=0.
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In fact, clearing the denominators if necessary, we can assume that
o, - .-, Cn_1 € Z. But this means that « is a root of the polynomial

p(z) = i cma™ € Zlx),

which has degree n— 1. This contradicts the assumption that deg(a) =
n, hence 1, a, ..., o™ ! must be linearly independent, and so they form
a basis for Q[a] over Q.

For part (3), assume first that a € C is algebraic. It is clear that
Q[a] is closed under addition and multiplication. We only need to
prove that for any 8 € Q[a] \ {0}, there exists 7' € Q[a]. By part
(2), there exist by, ..., b,—1 € Q such that

n—1
8= Z b, a™.
m=0

We want to prove the existence of

(21) v = i cm@™ € Qo]

such that 8y = 1. Let 7 be as in (21) with coefficients ¢y, ..., ¢,—1 to
be specified, then:

n—1 n—1 2n—2
By = Z meckoz””rk = Z ( Z bmck> ol

m=0 k=0 =0 m-+k=l

For each [ > n, we can substitute (20) for o”, lowering the power. After
a finite number of such substitutions, we will obtain an expression

n—1
B/y = Z fl(COa cee 7Cn—1)ala
=0

where fi(co,...,¢,—1) is a homogeneous linear polynomial in the vari-
ables cg, ..., c,_1 with coefficients depending on b;’s and a;’s, for each
0 <Il<n-—1. Since we want 5y = 1, we set

f0(007 S 7Cn—1) =1

fl(Co, Ce ,Cnfl) =0
(22) fn71<00a .. ,Cnfl) = 0.
This is a linear system of n equations in n variables, which can be
written as F'e¢ = ey, where F' is the n x n coefficient matrix of linear
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polynomials fo, ..., fn_1, €1 = (1,0,...,0)" € R™ is the first standard
basis vector in R™, and ¢ = (cg,...,¢,-1)". One can work out the
explicit form of (22) to prove that F' is a non-singular matrix, and
hence (22) has a unique solution . Let v be as in (21) with this choice
of ¢, then v = 71 € Q|a], and so Q[a] is a field.

Now suppose « is not algebraic, i.e. it is transcendental. We show
that Q[a] is not a field. Assume it is, then o' € Q[a], which means

that
n
a = Z Ao
m=0
for some n € Ny and ayg, ..., a, € Q. Hence
n
l=aa ! = Z ama™
m=0
and so
n
Z a, ™t —1=0
m=0

This is a polynomial equation over QQ satisfied by «, and multiplying
through by the product of denominators of its coefficients we can obtain
a polynomial equation over Z satisfied by a. This contradicts the
assumption that « is transcendental. Hence Q[a] cannot be a field.
Finally we establish part (4) by proving that Qo] = Q(«). First
notice that Qo] C Q(«), since every Q-linear combination of powers
of o must be contained in any field containing @Q and «. To show
containment the other way, notice that, by part (3), Q[«] is a field
containing Q and «, and so it must contain Q(«). O

Example 5.2. We give an example of finding the inverse of an element
of Q[a] when « is algebraic. Consider

B=3"342x3Y%—2eQ3¥.
We look for
B~ = a3%® + b33 — ¢ € Q[3Y7).
Then we need
1 = BB =a3"? + 0333 — ¢3%/3 + 2433/ 4 203%/3 — 2¢31/3
—2a3%3 — 2633 4 2¢
= (2b—2a—¢)3%® + (3a — 2¢ — 2b)3'° + (2¢ + 6a + 3b),
in other words we are looking for a,b,c € Q such that

2b—2a—c=0, 3a—2c—2b=0, 2c+ 6a+ 3b=1.
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This system has a unique solution.:

L6, T 2

61 7 617 61

hence 6 . 5
~1_ Oa23 Loz _ 4
b 613 +613 61

An immediate consequence of Theorem 5.1 is an algebraic criterion
for transcendence.

Corollary 5.3. Let « € C. Then « is transcendental if and only if
[Q(a) - Q] = oo.

Proof. If «v is transcendental, then dimg Q[a] = oo by part (1) of Theo-
rem 5.1. On the other hand, Qo] C Q(«) by Exercise 5.5. Hence Q(«)
must be an infinite-dimensional Q-vector space, hence [Q(«) : Q] = oo.

Conversely, suppose that [Q(«) : Q] = co. Assume, towards a con-
tradiction, that « is algebraic of degree n. By part (4) of Theorem 5.1,
we have Q(a) = Q[a], but by part (2) of Theorem 5.1

oo > n = dimg Q[a] = [Q(a) : Q).
This is a contradiction, and hence o must be transcendental. O

Another important consequence is the following.

Theorem 5.4. The set A of algebraic numbers is a field under the
usual addition and multiplication of complex numbers.

Proof. By Theorem 3.6, we know that A is countable, and so we can
write
A= {041,042,053, cee }a
choosing an ordering on A. For each n € N, define
K, =Q(a,...,an).
Let n € N and let 8 € K,,, then Q(8) C K,,, which means that
[Q(8) : Q] < [Ky : Q] < o0,

and so [ is algebraic, by Theorem 5.1. Therefore any element of any
field K, is in A, and hence we have

QC K CKyC---CA.

Now let 0 # (3,7 € A, then there exist some integers 1 < k < n such
that 8 = ag, v = o, and so 5,7 € K,,. Since K, is a field, we have

By By, By € K, CA.
Therefore A is a field. O
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An immediate implication of Theorem 5.4 is that a sum, a difference,
a product, or a quotient of two algebraic numbers is again an algebraic
number. This not always true for transcendental numbers, which is
what we show next.

Lemma 5.5. A sum or product of an algebraic number and a tran-
scendental number is transcendental.

Proof. Let a« € C be algebraic and g € C transcendental. Then —«
and a~! are algebraic. Suppose that o+ 3 and a3 are algebraic. Since
sum and product of algebraic numbers are algebraic, we must have

B=(a+pP)+(—a)=(af)a ' €A,

which is a contradiction. Hence o+ 3 and a8 must be transcendental.
O

Remark 5.1. A consequence of Lemma 5.5 is that, given one transcen-
dental number 3, we can produce infinitely many (but countably many)
transcendental numbers:

a+p, af, a !BV 0#acA.
Take, for instance, 3 to be a Liouville number.

Example 5.6. Let a € C be algebraic and € C transcendental. Then
af,a+ [ are transcendental by Lemma 5.5. On the other hand,
o

04:(044‘5)—5:7

1s algebraic. Hence T is not a field.

To conclude this section, we introduce the notion of algebraic inde-
pendence, which will be important later in the notes.

Definition 5.3. Let o, 3 € C be transcendental numbers. Then, as
we know from Corollary 5.3,

[Q(e) - Q] = [Q(P) : Q] = oo

These numbers are called algebraically independent if

[Q(a, 8) : Q)] = [Q(c, B) : Q(B)] = o0.
More generally, a collection of transcendental numbers aq,...,qa, is
algebraically independent if the degree of Q(ay,...,a,) over Q(S),
where S is any proper subcollection of aq, ..., a,, is equal to infinity.
If K is a subfield of C, then its transcendence degree, denoted
trdeg K, is the cardinality of a maximal (with respect to size) collection
of algebraically independent elements in K.
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Notice that no subcollection of each infinite collection of transcen-
dental numbers mentioned in Remark 5.1 is algebraically independent.
In other words, while we can construct infinitely many transcendental
numbers given one, it is not so easy to construct algebraically indepen-
dent transcendental numbers.

6. NUMBER FIELDS

We now need to introduce some further language of algebraic number
theory.

Definition 6.1. Let a € A, then the algebraic conjugates of «
(also often called just conjugates) are all the roots of its minimal poly-
nomial my(z). Since mg,(x) is irreducible, it must be separable by
Fact 3.1, and hence a and its conjugates are all distinct.

Definition 6.2. A field extension K of Q is called algebraic if every
element a € K is algebraic. Further, K/Q is called a finite extension
if [K : Q] < co. A finite algebraic extension of Q is called a number
field.

It is clear from the above definition that every number field K is con-
tained in A. Furthermore, if « € A, then Q(«) is an algebraic extension
of Q, and [Q(«) : Q] = deg(a) < o0, hence Q(«) is a number field.
An element « in a number field K is called a primitive element if
K = Q(«), ie. if a generates K over Q. In fact, all number fields
contain a primitive element.

Theorem 6.1 (Primitive Element Theorem). Let K be a number field.
Then there ezists a € K such that K = Q(«).

Proof. Since K is a finite algebraic extension of C, there must exist a

finite collection of algebraic numbers aq,...,a, € K such that K =
Q(Oéh e ,Oén>. Let K1 = Q(Ch), K2 = @(O&l,ag) = Kl(OéQ), ceey K =
K, = Qay,...,an 1,0,) = K, 1(ay,). We can assume that no K,

equal to K, 1, since otherwise we do not need ;11 in the generating
set. Hence we have

QC K GKy G G Ko C Ky =K.

Notice that it is sufficient for us to show that there exists $; € K such
that Ky = Q(ay, ag) = Q(B1): if this the case, then applying the same
reasoning, we establish that

K3 = Ky(asg) = Q(b1, a3) = Q(2)
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for some [, € K, and continuing in the same manner confirm that
K =K, = Q(fB,-1) for some /3,1 € K.
Let deg(ay) = d, deg(az) = e, and let
a1 = aq1, 092, ..., Qg and Qg = Qg1, A, - ., Qe

be algebraic conjugates of a; and ay, respectively. Since m,, () and
May () in Z[z] are irreducible, they must be separable by Fact 3.1
above, and hence all aq,,’s and all as,,’s are distinct. This means that
for each 1 < n <d, 1 <m < e the equation

(23) ay, + to@m = o1 + tOéZl

has at most one solution ¢ in Q (a solution ¢ in C always exists, but it
may not be in Q). There are only finitely many equations (23), each
having at most one solution, and hence we can choose 0 # ¢ € Q which
is not one of these solutions, then

a1p + CQigy # a1 + Caigy
forany 1 <n<d, 1 <m<e. Let
1 = a1 + cag,

then 1 # a1, + cag,, for any 1 < n < d, 1 < m < e. We will now

prove that Q(81) = Q(ay, ). It is clear that Q(5) C Q(aq, az), so
we only need to show that Q(ay, as) C Q(51). For this, it is sufficient

to prove that ap € Q(1), since then a; = 51 — cay € Q(51), and hence
Q(aq,a2) € Q(B1). Notice that

Me, (P1 — can) = my, (1) = 0.
In other words, as is a zero of the polynomial
p(x) := mg, (81 — cx),

which has coefficients in Q(51). On the other hand, «s is also a root of
its minimal polynomial m,,(x). The two polynomials p(z) and m,, ()
have only one common root. Indeed, if £ € C is such that

p(g) = Mq, (61 - Cf) - maz(g) =0,

then & must be one of asy, ..., as. and B; — c£ one of ayq, ..., a4, i.e.,
forsome 1 <n<d,1<m<e,

§ = agy and B — c§ = [ — cogy = Qi
which means that
B1 = auy + cogy = ap + cag.

This contradicts our choice of ¢ unless n = m = 1.
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Now let h(z) be a minimal polynomial of ay over Q(f;), as described
in Remark 3.2. Since p(z) and m,,(z) have coefficients in Q(5;) and
vanish at as, they must both be divisible by h(z) over Q(f;). This
means that every root of h(x) would be a common root of p(x) and
Ma, (), but we know that they have precisely one root in common.
This means that h(x) can have only one root, and hence is of degree 1.
Thus

h(z) =z — ag,

which means that ay € Q(5;). This completes the proof. O

An algebraic number « is called an algebraic integer if its minimal
polynomial m,(z) € Z[z| is monic, i.e. its leading coefficient is equal
to 1. The set of all algebraic integers in a number field K is usually
denoted by Ok.

Exercise 6.1. Prove that Og = Z. Due to this property, elements of Z
are often called rational integers. Prove also that Z C Ok for any
number field K.

Let us define the set of all algebraic integers
I={a€A:my(z) is monic}.

Let o € I and let deg(a) = d. Define

d—1
Zla) = {Zana” Do, ..., 041 € Z} )
n=0

Lemma 6.2. Let a € I have degree d. Then Z|a] is a commutative ring
with identity under the usual addition and multiplication operations on
complex numbers, which contains 7. Rings like this are called ring
extensions of Z.

Proof. The argument here bears some similarity with the proof of The-
orem 5.1 above. It is clear that Z C Z[«], and hence 0,1 € Z[a]. Also,
if 8= Zij) b,a™ € Za], then —f = ZZ;B(—bn)a" € Z[a]. Hence we

only need to prove that for every 8,7 € Z[al, 5+, 5y € Z[a]. Let

d—1 d—1
b= ana”, v = chan.
n=0 n=0
Then
d—1

B+vy= Z(bn + cn)a" € Z[a).

n=0
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Since a € T of degree d, its minimal polynomial is monic of degree d,
say

d—1
me(r) = a® + Z anx",
n=0
and m,(a) = 0, meaning that
d—1
(24) at = — Z a,a’”.
n=0
Now we have:
d—1 d—1
By = Z Z bpCm™ ™
n=0 m=0

and (24) can be used to express powers of a higher than (d — 1)-
st as linear combinations of lower powers of a with rational integer
coefficients, hence ensuring that $+ is a linear combination of the terms
L,a,...,a% ! with coefficients in Z. This means that 8y € Z[a] and
completes the proof of the lemma. O

Exercise 6.2. Let « € 1 have degree d and let n € Ny. Use (24) above
to prove that the elements

n
la,...,«

are linearly independent over Z if and only if n < d.

Exercise 6.2 guarantees that 1, c,...,a% ! is a maximal linearly inde-
pendent collection of powers of o over d, and we know that it spans
Z[a). Hence we call it a basis for Z[a], which is an example of a free
Z-module or a lattice, that is an analogue of a vector space with co-
efficients in linear combinations of basis vectors coming from the ring
7 instead of a field. The cardinality of such a basis, d in our case, is
called the rank of the lattice Z|a].

Lemma 6.3. Let o € C be such that the additive abelian group gener-
ated by all powers of « is in fact finitely generated. Then o € 1.

Proof. Let G be the additive abelian group generated by all powers of
a, i.e.

k
G:{Zana”:kENO, ao,...,akEZ}.

n=0
Assume that G is finitely generated and let vy, ..., v, be a generating
set for G. Since each v, is a polynomial in «, there exists a positive
integer ¢ which is the maximal power of o present in the representations
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of v1,...,Um. Then G is generated by 1,a,...,a’. Since a/*! € G,
there must exist ag,...,ay € Z such that

1
a€+1 —_ § CLnOén,
n=0

which means that « is a root of the polynomial
¢
p(z) =2 — Z a,z" € Zlx].
n=0

By Exercise 3.2, we know that m,(z) | p(z). Since p(x) is a monic
polynomial, it must be true that m,(z) is also monic. Hence o € I. [

Theorem 6.4. I is a commutative ring with identity under the usual
addition and multiplication of complexr numbers.

Proof. We only need to prove that for any o, 8 € I, a + 8 and af3 are
in [. Notice that a+ 8 and af can be expressed as integral linear com-
binations of elements of the form o™ (" for some nonnegative integers
m,n, which means that

a+B,ab € G:=Zla]Z[p] C C.

Exercise 6.3. Prove that this G is a subgroup of C under the usual
addition of complex numbers, and hence is an additive abelian group.

Since a and [ are algebraic integers, we know that Z[a] and Z[f] are
generated by only finitely many powers of o and (3, respectively, say,
itis 1,a,...,aF and 1,8,..., 5" Then

k ¢
G:{<Zanan> (meﬁm>Z(Io,...,ak,bo,...,ngZ}’
n=0 m=0

and hence G is generated by all expressions of the form ™3™ as an
additive abelian group. Therefore G must also be finitely generated.

Fact 6.5. Let G be a finitely generated additive abelian group, i.e.,
there exist vy, ...,v, € G such that for every x € G,

k
r = E apUp
n=1

for some ay, ... ar € Z. Let H be a subgroup of G. Then H is also

finitely generated. This fact is established in Theorem A.4 in Appen-
dix A below.
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Since additive groups generated by all powers of o+ 5 and a3, respec-
tively, are subgroups of GG, the exercise above implies that they are also
finitely generated. Now Lemma 6.3 guarantees that a+ § and o must
be in I. 0]

Exercise 6.4. Let A and B be subrings of the same ring R. Prove
that AN B is also a ring. Use this fact to prove that for any number
field K, the set O of all algebraic integers in K is a commutative ring
with identity.

We now further study some properties of the ring of algebraic integers
Ok of a number field K. First we observe that every element of K can
be expressed as a fraction a//c, where « is an algebraic integer and c is
a rational integer.

Lemma 6.6. Let K be a number field and 5 € K. Then there exists
some ¢ € N such that c¢f € Ok. In fact, we can take c to be the leading

coefficient of mg(z).
Proof. Let d = deg(f) and let

d
= Z apz" € Zlx]
n=0

with ag > 0. Notice that

p(x) :=at? Zan d-1 "—Zan 4=~ (aqgz)"

has (8 as its root. Now

Zandnln_x_'_zandnlnez[]

is a monic polynomial, and f(aq8) = p(f) = 0. This means that
aqf € Og. Taking ¢ = a4 completes the proof of the lemma. O

This lemma has some important corollaries.

Corollary 6.7. A number field K can be described as

K:{%:a,ﬁeoK,ﬁ7éo}.

Hence we can refer to K as the field of fractions or quotient field
Of OK
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Proof. Let

E::{%:a,ﬁeoK,ﬁ7Ao}.

We need to prove that £ = K. Lemma 6.6 implies that every g € K
can be written as 3 = ¢ for some a € Ok and ¢ € Z. Since Z C Ok,
we see that 3 € E, hence K C E. Now suppose o/ = af~! € E.
Since «, 8 € O C K, we must have f~! € K and hence af~! € K,
since K is a field. Therefore £ C K, and thus £ = K. O

Theorem 6.1 guarantees that a number field always has a primitive
element. In fact, it always has a primitive element, which is an algebraic
integer.

Corollary 6.8. Let K be a number field. Then there exists a € Ok
such that K = Q(«).

Proof. Let § € K be a primitive element. By Lemma 6.6, there exists
an element ¢ € Z such that « := ¢f € Ok. Since clearly Q(c5) = Q(B),
we are done. O

We can now define embeddings of a number field K into C. Let
K = Q(«), then
d = deg(a) = [K : Q).
Recall that
K = Q(a) = Qla] = spang{l,a,...,a’ "},
and 1,a,...,a% ! are linearly independent over Q. Let
o = 01,09,...,0q

be the algebraic conjugates of . For each 1 < n < d, define a map
o, : K — C, given by

d—1 d—1
(25) On (Z amam) = Z amo,,
m=0

for each Zz;o apa™ € K.

Exercise 6.5. Prove that each o, as defined above is an injective field
homomorphism, and hence K = 0,(K) for each 1 < n < d. Prove also
that

Q={peK:0,p)=pVYV1<n<d}.

The embeddings oy, ..., 04 described above are, in fact, the only pos-
sible embeddings of K into C.
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Lemma 6.9. Let K = Q(«) be a number field of degree d over Q. Let
7 : K — C be an embedding, i.e. an injective field homomorphism.
Then T is one of the embeddings o1, ...,04 as defined in (25).

Proof. First we will prove that 7(c) = ¢ for each ¢ € Q. Since 7 is a
field homomorphism, we must have 7(1) = 1, and for each a/b € Q,

7(a/b) = 1(a)7(b)"! = ar(1)(br (1))~ = a/b.
Since [K : Q] = d, we know that deg(a) = d, and so
K = Qla] = spang {1, a,... ,af71)

Let a = ay,as,...,aq be the algebraic conjugates of a. Let g =
ZZ;E cpa™ € K. Since 7 is a field homomorphism,

d-1 d—1
T(B) = ZT(CR)T(Q)" = ZCnT(a)”.

Hence we only need to show that 7(a) = a,, for some 1 <n < d. Let

me(z) = Z bx™ € Zx],

be the minimal polynomial of a. Then

d
me () = Z ba™ =0,
m=0
and so
d
0= Z binT ()™ = my(7()).
m=0

Hence 7(a) is a root of mg(z), which means that 7(«) = «,, for some
1 < n < d. Therefore 7 = o, for some o,, as in (25). This completes
the proof. O

Exercise 6.6. If K = 0,(K) for each 1 < n < d, then the number
field K is called Galois. In this case, prove that the set

G:={oy,...,04}

is a group under the operation of function composition. It is called the
Galois group of K over Q, where Q is precisely the fixed field of
G, as you just proved above. In this case, elements of G are called
automorphisms of K over Q.
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7. FUNCTION FIELDS AND TRANSCENDENCE

In this section, we briefly give another characterization of transcen-
dental numbers. We start by defining polynomial rings in several vari-

ables. A monomial in the variables x,...,z,, k > 1, is an expression
of the form

(26) oy g,

where mq,...,mp € Ny with mq + --- 4+ my > 0. Let R be a com-
mutative ring with 1. Define R[xy,...,xx] to be the set of all finite

linear combinations of 1 and all possible monomials as in (26) with
coeflicients from R.

Exercise 7.1. Prove that R[xy,...,xg] is a commutative ring with
identity under the standard operations of addition and multiplication
on these multivariable polynomials.

Let K be a field and K[z, ..., x| be the polynomial ring in k& > 1
variables with coefficients in K. Define

Ti,...,@
K(:El,...,xk):{M:p,qu[m,...,m], q;«éO},
q(z1, ..., xx)

where we say that

p(xlw .- ,l‘k)/Q(wl, s 7'1:]6) = f('rlv' .- axk)/g(xla s ,fEk)
if and Only if p('r:l? ct 7xk)g(x17 AR 7xk') = f('r:l? ct 7xk)Q(x17 A 7xk‘);
this can be viewed as an equivalence relation on the set of pairs of

polynomials and then K(z1,...,x;) is the set of equivalence classes,
analogously to construction of Q from Z.

Exercise 7.2. Write x for the variable vector (z1,...,xy), and prove
that K () is a field under the standard operations of addition and mul-
tiplication of rational functions:

p(@)  flx) _ple)g(@) + fl@)e(®) plx) flz) _ px)f(®)
9(z)  g(z) q(z)g(z) Calx) gle) g(z)g(x)
K(z1,...,2k) is called the function field or field of rational func-

tions in k variables over K, and is precisely the quotient field of the
polynomial ring K|xy, ..., Tk

We can now give an alternative definition of algebraic independence.

Lemma 7.1. A collection of numbers aq,...,ax € C is algebraically
independent if and only if there does not exist any nonzero polynomial
p(x1, ..., x,) € Qlay, ..., 2 such that

(27) plog,...,ax) =0.
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Proof. Suppose that there exists some nonzero polynomial p satisfying
(27). Define

f(z) =plaq,...,ap_1, ).
Then f(z) € Q(aq,...,ax_1)[x] and f(ag) = 0. Let d = deg(f(z)),
then 1,qy,...,a¢ are linearly dependent over Q(ay,...,a;_1). This
means that

Q(aq, .. yar) : Qlag, ..., ap1)] < d < o0,

and hence ay,...,q; are not algebraically independent. Thus, if the
numbers g, ...,q; are algebraically independent, then no nonzero
polynomial p satisfying (27) can exist.

Conversely, suppose now that no nonzero polynomial p satisfying
(27) exists. Suppose, towards a contradiction, that aq, ..., ax are alge-
braically dependent. Then, without loss of generality, we can assume
that

[Q<a17 s 7ak) : Q(Oél, A ,ak,l)} < Q.

Hence 1,q4,...,a¢ are linearly dependent over Q(ay,...,ap ;) for
some d. In other words, there exist ag,...,aq € Q(aq,...,ax5_1) such
that
d
(28) > anop = 0.
n=0
Notice that ag,...,aq are rational functions in aq, ..., ag_1, say
po(Q, ..o, Qg_1)
Ap = )
Qn(ab cee 7ak71>
where p, (21, ..., k1), qu(T1, ..., 2_1) € Qlay, ..., z1_1]. Write @ for
(x1,...,T5-1), a for (ai,...,ak_1), and notice by (28) we have:

d

SRA e

m=0,m#n

Then define
d d
p(xy, ..., x) = an(az) ( H qm(:c)> zy € Qlxy, ..., xx,
n=0 m=0,m#n

and notice that p(aq,...,a;) = 0. This contradicts our assumption,
and hence aq, ..., a; must be algebraically independent. U

Let aq, ..., € C, and consider a subfield Q(ay,...,ax) C C gen-
erated by these elements. Let us write a for the k-tuple (aq, ..., ax),
and define the evaluation map o : Q(z1,...,25) — Qaq,..., )

given by sending z,, — «, and extending to the rest of Q(zy,...,xx),
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i.e., a rational function in 1, ..., x; will map to its value at the point
Wlthl’l =1, ..., T = 0.

Theorem 7.2. The following statements are equivalent:

(1) The map o is well-defined for all f € Q(z1,...,xx).
(2) The map e is an isomorphism of fields.
(3) The numbers oy, ...,y are algebraically independent.

Proof. (1) = (2): Let f,g € Q(xq,...,xx), then
valf +9) = (f+9)(a) = fla) + 9(a) = va(f) + Pal9),

va(fg) = (f9)(a) = f(a)g(a) = pal(f)palg).

Hence ¢, is a ring homomorphism. Suppose that f € Ker(p,), then
val(f) = f(a) = 0. We can write f = g/h, where g,h € Q[z1, ...,z
are polynomials in k variables with coefficients in Q. Since f(a) = 0,
we must have

glaq,...,ap) =0.

Assume g # 0, then 1/g € Q(xy,...,zx), however @, is not defined
at 1/g. Hence we must have g = 0, meaning that f = 0. Therefore
Ker(po) = {0}, and so ¢4 is injective. Finally, every element § of
Q(ay, ..., a4) is a rational function in ag, ..., ax, which means that
is the value of some f € Q(zy,...,x;) at a. This proves surjectivity,
and hence , is a field isomorphism.

(2) = (3): If g is a field isomorphism, it must be well-defined as
a function for each f = g/h € Q(xy,...,zx), where g, h € Q[z,. .., ]
This means that cannot exist a polynomial p(xy, ..., zx) € Q[xy,. .., Tk
such that p(a) = 0. Hence ay, ..., a4 are algebraically independent by
Lemma 7.1.

(3) = (1): Since oy, . . ., ay, are algebraically independent, Lemma 7.1
implies that for any 0 # p € Q[z1, ..., zx], p(a) # 0. Then for any f =

g/h € @(’rlv s 7xk)a where g, h € Q[xla s 7xk]’ Qoa(f) = g(a>/h(a) is
well-defined. O

Hence we have the following immediate characterization of transcen-
dence and algebraic independence.

Corollary 7.3. A collection of complex numbers oy, ..., is alge-
braically independent if and only if Q(aq, ..., ar) = Q(xy,...,x%). In
particular, o € C is transcendental if and only if Q(a) = Q(z).
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8. HERMITE, LINDEMANN, WEIERSTRASS

Arguably the two most famous transcendental numbers are e and 7.
Transcendence of e was originally established by Charles Hermite in
1873, and transcendence of 7 established in 1882 by Ferdinand von
Lindemann by an extension of Hermite’s technique. The much more
general statement, from which these two results follow, was obtained
by Karl Weierstrass in 1885. The most general form of the Hermite-
Lindemann-Weierstrass Theorem is as follows.

Theorem 8.1. Let s € N, ay,...,a, be distinct algebraic numbers,
and dy, ...,ds nonzero algebraic numbers. Then

Z dkeo"“ 7é 0.

k=1

In this section we will establish the famous results of Hermite, Linde-
mann, and Weierstrass. The general idea of the method used is similar
in all three cases, however it will be easier to follow the development of
this technique starting with transcendence of e, then 7, and only then
the general Theorem 8.1. Our exposition here closely follows [3]. We
start with some preliminary observations.

Let f(x) be a polynomial with complex coefficients, and let F'(x) be
the polynomial obtained from f(z) by replacing each coefficient of f
with its absolute value. For a complex number ¢, define

(29) It f) = /O " ) du,

Then it is easy to see that

(30) 1(t, )] < [t F(]2]).

On the other hand, integrating by parts, we see that
I(t, f)=€"f(0) = f(t) +1(t, f").

If degree of f(z) is equal to m, then iterating the above procedure m
times, we obtain:

(31) It f) =€ D20 = > O,

Jj=0

Theorem 8.2 (Hermite, 1873). The number e is transcendental.
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Proof. Working towards a contradiction, suppose that e is algebraic.
Then there exist some integers ag, ..., a,, n > 1, such that

(32) D aret =0,
k=0

where ag, a, # 0. Let p > |ag| be a prime, and define a polynomial
flx)=aP "z —1)P---(x —n)P.

Then degree of f(z) is m = (n+ 1)p — 1 and each of the roots x =
1,...,n of f(x) has multiplicity p and the root x = 0 has multiplicity
p — 1, which implies that

(33) fOk)=0V1<k<n0<j<p, fP0)=0v0<j<p—1.
With this notation, define

LZE:%Hhﬁ,

where I(k, f) is as in (29). Then, by (31) above, we have

J = i (ake D(0) — akif(j)(k)>
k=0 =0
— Em: (fm(o) > akek) B i i ar f9 (k)
=0 = j=0 k=0
- _Z apf9 (k) Z Zakf])
7=0 k=0 j=p—1 k=0

where the last line follows by (32) and (33). For j = p — 1, the contri-
bution from f is

Fr(0) = (p— V-1 ()
hence, if n < p, then f®=1(0) is divisible by (p — 1)!, but not by p.
Now, for every j > p, then £ (0) and fU) (k) for every 1 < k < n
are divisible by p!. In other words, J is a nonzero integer divisible by
(p—1)!, and so
(34) [J[ = (p—1)!
On the other hand, let A = maxo<x<y, |ax|, then (30) implies that

|J| < (n+ 1)A|I(k, f)] <n(n+1)Ae™ max F(k).

1<k<n
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Notice that
1
max F(k) = (2n)"~" (2(n — 1)1)? = =((2n)!)?,

1<k<n n
and so
(35) |J| < A(n+ 1)e™((2n)!)?.
Combining (34) and (35), we obtain:

(p— 1! <A(n+1)e"((2n)!)?,

which is certainly not true for sufficiently large p, and so we have a
contradiction. O

To attempt the proof of transcendence of 7, we need the notion of
symmetric polynomials. Let n > 1 and define S,, to be the set of all
permutations of the set of n elements {1,...,n}.

Exercise 8.1. Prove that S,, is a group under the operation of function
composition.

The group S, is called the symmetric group on n letters. A poly-
nomial f(x1,...,2,) € Q[x1,...,x,] is called symmetric if for every
T €Sy,

f@r, .. mn) = (@), - Temy)-
Fact 8.3. Let o € A be of degree n and let o« = «uq, . .., be algebraic
conjugates of a. Let f(xq,...,x,) € Qlxy, ..., 2, be a symmetric poly-
nomial. Then
flag,...,a,) € Q.

Moreover, if « € T and f(xy,...,2,) € Zlxy, ..., x,], then
flag,...,ap) € Z.

Let us also recall that 7 is half the circumference of a circle of ra-
dius 1, which is precisely the angle that the ray emanating from the
origin through the point (—1,0) on the unit circle makes with the ray
indicating the positive direction along the x-axis in the Cartesian plane.
Hence

cosm = —1, sinm = 0.
Theorem 8.4 (Lindemann, 1882). The number m is transcendental.

Proof. As in the proof of Theorem 8.2, suppose 7 is algebraic. Since
we know that ¢« € A and A is a field, a = 7 must also be algebraic.
Let d = deg(a) and let a@ = ..., a4 be conjugates of a. Let N be
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the leading coefficient of m,(z), then Lemma 6.6 implies that Na is
an algebraic integer. By Euler’s formula,

e = —1,
and hence
(36) (I4+e)---(14+e%)=0.
This product can be written as a sum of 2¢ terms of the form e?, where
0=cia1+ - +eqaq, e, =0,1V1<k<d.

Suppose that exactly n of these numbers are nonzero, denote them
ﬁh---uﬁn- Let

h(;p): H---H(w—(€1a1+"'+5dad))

and notice that h(z) is symmetric in o, ..., aq. Then Fact 8.3 implies
that h(z) € Q[z]. Notice that the roots of h(z) are fy,..., 54 and 0,
which has multiplicity a = 2% — n. Clearing the denominators, this
means that for some C € Z, h(z) = Cxz%g(x), where g(x) € Z|x] is the
polynomial of degree n with roots f,. .., 5,. Now (36) implies that

(37) (Qd — n)eo Ll b=,
Let

n

fla) = N"ar [ (2 = Be)

k=1
for some large prime p, and let I(¢, f) for this choice of f(x) be as
in (29) above. Notice that degree of f(x) is m = (n + 1)p — 1. Define

J = Zf(ﬁkyf)-
k=1

Then, by (31),

J = (eﬁk Z f(j)<0) _ Z f(ﬁ(ﬁk)
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where the last equality follows by (37). Notice that > 7_, f9(By) is a
symmetric polynomial in Nf3y,..., NG, for each j. Furthermore, each
N is a linear combination of algebraic integers aq, ..., a4, and hence
is an algebraic integer. Therefore, by Fact 8.3, for each 1 < j < m,
Sy fY(By) € Z. Further, each f3; is a root of f(x) of multiplicity p,
which means that each derivative fU)(3;) vanishes for all j < p. For
each j > p, Sor_, fV(By) is divisible by p!. Also,

F00) = (p = DU=N)"P(By -+ B,
which is not divisible by p provided that p is large (specifically, when
p > NBi---f,). In addition, f9)(0) is divisible by p! for all j > p.
Therefore K is divisible by (p — 1)!, and hence

[J] = (p—1)!

On the other hand,

[T B A< 1Bkle® F(18e])
k=1 k=1

by (30) and F'(z) related to f(z) is as above. Then we have
(p—DI<|J| < ACP

for some constants A and C'. Taking p sufficiently large, we reach a
contradiction. U

We are now ready to prove the Lindemann-Weierstrass Theorem.

Proof of Theorem 8.1. Towards a contradiction, suppose that there ex-
ist some algebraic numbers dy, ..., ds, not all zero, such that

(38) D dye™ =0,
k=1

Multiplying both sides by some N, by Lemma 6.6 we can assume that
dy,...,ds are algebraic integers. Let K = Q(dy,...,ds), n = [K : Q]
and let 0, : K — C for 1 < k < n be embeddings of K. Notice
that (38) implies that

(39) 1T (Z al(dk)eo‘k> = 0.

=1 \k=1
The equation (39) can be written as
(40) a1’ + - 4 ape’™ =0,

where each coefficient q; is a sum of terms of the form o,,(dy), which is
invariant under each of the embeddings o,,. Then Exercise 6.5 above
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implies that aq,...,a,, € Q, and clearing the denominators, if neces-
sary, we can assume that aq,...,a, € Z. Further, we can assume that
the set v1,...,7vm contains all the conjugates of each of the v;’s: if
some of them are not there, they can always be included by choosing
the corresponding «; coefficient to be 0. Notice also that the exponents
Y1, - -+, Ym are distinct algebraic numbers.

Let us write %(-l) for the [-th conjugate of ;. Let ¢ be a real variable
and for each [ define the conjugate function

Alt) = et

k=1

We will use the fact that when the 7;’s are all distinct, the functions
A;(t) are not identically zero. Define

B(t) = HA[@) = ibkeﬂkt,

where the product is over all the conjugate functions A;(t). Notice
that B(1) = 0 by our original assumption. Since ay,...,a, € Z,
the coefficients by, ...,by are also rational integers, not all equal to
zero. Since [y, ...,y are algebraic numbers, let N € Z be such that
Npi,...,NBy are algebraic integers. For each 1 < r < M, define a
polynomial

M

fle) =~ Tt = )

T B

where p € Z is a prime. Let

fla) =Y fulx),

then coefficients of f(z) are symmetric polynomials in the algebraic
integers Ny, ..., NBy. On the other hand, this set of numbers con-
tains all of their algebraic conjugates, since (1, ..., By were generated
by 71, - .., ¥m, which included all the algebraic conjugates. Hence coef-
ficients of f(z) must be in Z by Fact 8.3.

Define

M
J'r = Z bkl(ﬁ]ﬂ fr)
k=1
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foreach 1 <r < M andlet J := Jy -+ Jy. Let m :=deg(f,) = Mp—1,
and notice that by (31),

M m m
L= 3 (eﬂszﬁ><o>—sz<ﬂk>)
k=1 =0 =0

m

M
= = by OB,
k=1 j=0

where the last equality follows from the assumption that B(1) = 0.
Arguing analogously to our proofs of Theorems 8.2 and 8.4, we conclude
that J is an algebraic integer which is fixed by all the embeddings of
the number field Q(fS4, ..., By), hence it must be in Z. Further, J
is divisible by (p — 1)!, but not by p for a sufficiently large p. In
the opposite direction, each |J,| can be bounded by ® for a suitable
positive real ¢,, and hence |J| can be bounded by C? for some constant
C. Therefore,
(-1 < || <O,

which leads to a contradiction for a large enough p. This completes the
proof. O

9. COROLLARIES OF THE LINDEMANN-WEIERSTRASS THEOREM
AND SOME FURTHER RESULTS AND CONJECTURES

In this section we discuss some consequences of Theorem 8.1. First
notice that transcendence of e and 7 follow easily from the Lindemann-
Weierstrass Theorem. Although we have already proved these facts
separately, it is still worthwhile to see them derived as consequences
of the Lindemann-Weierstrass Theorem. We present these derivations
here.

Corollary 9.1. e is transcendental.

Proof. Suppose e € A. Then there exists some nonzero polynomial

n

p(z) = Z apr® € Z[z]

k=0
such that .
ple) = Zakek = 0.
k=0
This, however, clearly contradicts Theorem 8.1. U

Corollary 9.2. 7 s transcendental.
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Proof. Suppose 7 is algebraic. We know also that ¢ € A, and hence
1 € A since A is a field. By Euler’s formula,

e =cosm +isinm = —1,
and hence we have
€™ +1=0,
which clearly contradicts Theorem 8.1. U

Theorem 8.1 has many other important consequences. Here are some
of them.

Corollary 9.3. Let 0 # o € A. Then the numbers e, Ina, sina and
cos « are transcendental.

Proof. Suppose e is algebraic, say v = e* € A. Then
et — 'yeo =0,

which contradicts Theorem 8.1. Hence e® is transcendental. Now as-
sume that Ina is algebraic, then e®® = a would have to be tran-
scendental, which is a contradiction. Furthermore, Euler’s formula (4)
implies that

: 1 —ia _ 1 o —ix
sma——zi(e —e ),cosa—Q(e +e ),
and so
1 . 1 .
0 o e —ix
—_ — — g O
e slno 21,6 + 22.6 )
1 . 1 .
0 i —iq
— —e" — = =0.
e cosa — oe 7€
Now Theorem 8.1 implies that sin «, cos @ cannot be algebraic. O

Corollary 9.4. Let ay,...,a, € A be linearly independent over Q.
Then the numbers

are algebraically independent.

Proof. Suppose that e* ..., e® are algebraically dependent, then there
exists some non-constant polynomial

p(T1, ... x,) € Qlxy, ..., xy)
such that

p(e*, ... e = E iy, g, €T —
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where the coefficients a;, . ;, are rational numbers, not all zero. Then
Theorem 8.1 implies that the exponents

1o+ o

cannot be all distinct. Hence there exist some two distinct families of
indices 41, ...,4, and ji,...,J, such that

110+l = J1ag o+ JpQy,

n
E CrO — O,
k=1

where not all of ¢, := i, — ji € Z are equal to zero. This contradicts
the assumption that aq, ..., «, are linearly independent over Q. 0

in other words

In fact, it is easy to see that Corollary 9.4 is equivalent to the
Lindemann-Weierstrass Theorem, i.e. it is a convenient reformulation
of the famous result. A substantial strengthening of Corollary 9.4 is
arguably the most important open problem in transcendental number
theory.

Conjecture 9.1 (Schanuel’s Conjecture). Let aq,...,a, € C be lin-
early independent over Q. Then

trdeg(Q(aq, ..., ap, e, ..., e*)) > n.

We now discuss some of the many remarkable implications of this
conjecture. First we mention (a weak form of) the famous theorem of
Alan Baker (1966) on linear independence of logarithms of algebraic
numbers, for which he received a Fields Medal in 1970.

Theorem 9.5 (Baker’s Theorem, 1966). Let
A:{€€C2686A}.
If t1,...,0, € A are linearly independent over Q, then they are alge-

braically independent (and hence linearly independent over A ).

Proof. Baker’s theorem has been proved unconditionally, however the
proof is quite complicated. Here we will only show how this result
follows from Schanuel’s Conjecture. Indeed, Schanuel’s Conjecture im-
plies that

trdeg(Q(ly, ..., 0y, e, ... ) > n.

Since (4, ...,¢, € A, we know that e“, ... e’ € A, which implies that

trdeg(Q(fy, ..., £4,)) = trdeg(Q(£y, ..., ln, e, ... e™)) > n.
Hence ¢4, ..., ¥, are algebraically independent. O
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In fact, a strong version of Baker’s Theorem establishes transcendence
of any nonzero linear combination of ¢4,...,¢, with algebraic coefhi-
cients, which, in its turn, is a generalization and strengthening of the
celebrated Gelfond-Schneider Theorem, established independently in
1934 by Alexander Gelfond and Theodor Schneider. Their theorem
presented a solution to Hilbert’s 7th Problem.

Theorem 9.6 (Gelfond-Schneider Theorem, 1934). Let a,b € A be
such that a # 0,1 and b ¢ Q. Then a® € T.

Furthermore, Schanuel’s Conjecture implies algebraic independence
of e and 7, which is currently an open problem, as well as a wide variety
of other known results and open problems in transcendental number
theory. We conclude with yet another famous open problem, which
would follow from Schanuel’s Conjecture.

Conjecture 9.2 (Schneider’s Four Exponentials Conjecture). Let xy, o
and 1,y be pairs of complex numbers linearly independent over Q.
Then at least one of the four numbers e*¥% where 1 < j bk < 2 is
transcendental.

If the linearly independent pair y1, y» in the conjecture above is replaced
with the linearly independent triple ¥, y2, y3, then the conjecture be-
comes a theorem, known as the Six Exponentials Theorem. It is our
next big goal to prove this result.

10. SIEGEL’S LEMMA

We now develop an important tool, which will be used to prove an-
other celebrated transcendence result, the Six Exponentials Theorem.
This tool is Siegel’s Lemma, the simplest version of which was orig-
inally observed by Axel Thue in 1909 and then formally proved by
Carl Ludwig Siegel in 1929. Our presentation here partially follows [7]
and [3]. Let

aiq .. ain

A=

ap --- QAQpMN
be an M x N matrix with integer entries and rank equal to M < N.
Define
A={xcZ": Az = 0}.

Theorem 10.1 (Siegel’s Lemma, version 1). With notation as above,
there exists 0 # x € A with

(41) || < 2+ (N|A|) ¥,



58 LENNY FUKSHANSKY
where |x| = max{|z,| : 1 < n < N}, |A] = max{|am,| : 1 < m <
M, 1<n<N}.
Proof. Let H € Z~q, and let
Cy={xcRY:|z| < H}
be the cube centered at the origin in RY with sidelength 2H. Then
ICH NZN| = (2H + 1)V,
Let Ty : RY — RM be a linear map, given by Ta(x) = Az for each
x € RY. Notice that for every & € CF,
[Ta()] < N|A[H,
i.e. T4 maps Cff into Oy, € RY, since tk(A) = M. Now
|CNjar NZM] = (2N|A|H +1)M.
Now let us choose H to be a positive integer satisfying
(N|A|) ™5 < 2H < (N|A|) "% + 2.
Then
Iy NzZN| = 2H+1DN =@H+1)M02H + 1)V M
> (2H + DM(NJADM > 2N|A|H + 1)M
= |CNja NZY].
This means that T4 cannot be mapping C% NZ" into CJ]QT/[|A|H NZM in

a one-to-one manner. Hence, there must exist « # y € Cy NZ" such
that Ta(x) = Ta(y), i.e.

Ta(x —y) =0,
and so  —y € A. On the other hand,
@ — y| < |a| + [y| < 2H < (N|A)~¥ +2,
and this finishes the proof. 0

Notice that the main underlying idea in the proof of Siegel’s Lemma
was the pigeon hole principle. It is remarkable that the exponent %
in the upper bound of (41) cannot be improved. To see this, let for
instance M = N —1 and for a positive integer R consider the (N—1)x N

matrix

R -1 0 ... 0 0
0 R -1 ... 0 0
A=1. . . . .

o 0 0 ... R -1
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Then |A| = R, and every nonzero integer solution of the system of
linear equations Az = 0 must have zy = RY~'z;. Therefore, if

A={xecZ": Az =0},
and 0 # x € A, then

| > RN = |A|vm

Siegel’s Lemma-type results have been proved in a variety of consid-
erably more general settings by a number of authors, employing quite
sophisticated machinery from number theory and arithmetic geome-
try. However, the original motivation for Siegel’s Lemma came from
Diophantine approximation and transcendental number theory.

For our use, we will also need a basic version of Siegel’s Lemma over
number fields. We start with some additional algebraic notation. Let
K be a number field of degree d with embeddings oy, ..., 04. For each
a € K, define its height

H(a) = max{|og()| : 1 <k < d}.

An important fact about the ring of integers O is that it is a free
Z-module of rank d. In other words, Ok has a Z-basis: there exists a

linearly independent collection wy,...,wqs € O such that
d
O = {Zakwk Say, ..., 04 € Z}.
k=1

Define the corresponding d x d basis matrix W := (oy(wg))1<ek<a. It
is a standard fact in algebraic number theory that W is nonsingular.
With this notation and information in mind, we can now prove our
next result.

Theorem 10.2 (Siegel’s Lemma, version 2). Let K be a number field
of degree d, and let A = (cyj) be an M x N matriz of rank M < N
with entries a;j € Ok. Define

H(A) =max{H(w;):1<i<M1<j<N}.

There exists a solution 0 # x = (z1,...,xy) € OF to the homogeneous
linear system Ax = 0 with

M
(42) max H(z;) < Bxk(M,N)H(A)~-™,

where B (M, N) is some constant depending only on M, N and the
number field K.
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Proof. Let wiq,...,wq € Ok be a Z-basis for O, as described above,
and let W be the corresponding basis matrix. Then for each entry «;
of our matrix A, there exist a;;, € Z, 1 <k < d, such that

d

Qij = g QijkWi-

k=1

Applying embeddings o4, ..., 04 to the above equation, we obtain

azg E azgka—é Cdk

for each 1 < ¢ < d, and hence
aij = (Ul(aij), Ce ,Ud(@ij))t = W(Clijl, Ce ,aijd)t.
Since W is invertible, we have
-1
Q;; = (aijl, Ce ,aijd)t =W (8770

If we write vi, for the entries of W1, then

d
Qijk = Z%Nﬁ(%j%
=1
and so
| < N <
(43) aiu] < d max |owor(ay)| < dCxH(A),

where Ck is a constant depending only on the number field K such
that CK Z maXxj<g.e<d |ng|.

Now suppose € OF is a nontrivial solution of the system Az = 0,
and write

d d
(44) r = (Z blzwg, ce Z bNng>
=1 /=1

for some bj; € Z for 1 < 5 < N, 1 < ¢ < d. Then i-th entry of the

vector Az is
N d d
E E E aijkbjgwkwg = 0.

(=1 1

—_

k=
Since wiwy € Ok, it can also be expressed as a linear combination of
Wy,'s with Z-coefficients:

Wiy = E CltmWm

m=1
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for each 1 < k,¢ < d, and hence we have

d N d d
Z Z Z Z ijibjeChemwm = 0.

m=1 j=1 =1 k=1

Since wy,...,wy are linearly independent over Z, all the coefficients
in the above equations must be zero, and hence we have a system of
Md homogeneous linear equations with integer coefficients in the Nd

variables bj:
N d d
Z Z Z a;ijkbjeCrem = 0,

j=1 =1 m=1
forall1 <i< M,1<m <d. Applying Theorem 10.1 along with (43),
we see that there exists a solution with

max [bje| < 2+ (NdCc H(A)) v,
Js
and hence, by (44),
max H(z;) <d (2 n (NdZCKH(A))%) max H (w).

1<j<N 1<(<d
Since the choice of wy, ...,w, depends only on K, the conclusion of the
theorem follows. 0

Recall that for any f € K, there exists ¢ € N such that ¢f € O.
In fact, for any collection (y,..., 3, € K, let us define their common
denominator to be

D(By,...,0n) =min{c e N:cf, € Ox V1 <k <n}.

For an M x N matrix A with entries in K, we will write D(A) for the
common denominator of all of its entries, i.e.,

With this notation in mind, we have one more version of Siegel’s lemma.

Corollary 10.3 (Siegel’s Lemma, version 3). Let K be a number field
of degree d, and let A = (ov;) be an M x N matriz of rank M < N with

entries ay;; € K. There exists a solution 0 # & = (z1,...,7n) € OF
to the homogeneous linear system Ax = 0 with
(45) max H(z;) < Bx(M, N)(D(A)H(A))~",

1<j<N

where Bx (M, N) is the same constant as in Theorem 10.2 above.

Proof. Let A" = D(A)A, then A" is an M x N matrix with entries in
Ok, and Az = 0 if and only A’ = 0. Then apply Theorem 10.2 to the
system A’z = 0 while keeping in mind that H(A") = D(A)H(A). O



62 LENNY FUKSHANSKY

11. THE SiXx EXPONENTIALS THEOREM

In this section we use Siegel’s Lemma and Maximum Modulus Prin-
ciple to prove the Six Exponentials Theorem. Our presentation here
follows [3]. We start with another necessary piece of algebraic notation.
Let K be a number field of degree d over QQ, and let oy, ...,04 be the
embeddings of K into C. For every a € K, define the norm of o over
K to be

d
Ni (o) = [[ ox(a),
k=1
and we write N(a) for Ng()(a). It is not difficult to observe that

Ng(a) = N(a)[K:@(O‘)].

Notice also that N(«) is precisely the free coefficient of the minimal
polynomial of v over Q, and hence is a rational number. If a € Ok,
then the minimal polynomial of « over Q is equal to m,(z), and hence
N(a) € Z. This in particular implies that for every a € O,

(46) 1< [Ng(a)| = [N()" T < N()|* < H(a)* |,
since one of the embeddings oy, ..., 0y is the identity map.

Theorem 11.1 (The Six Exponentials Theorem). Let 1,22 € C be
linearly independent over Q. Let y1,y2,ys € C also be linearly indepen-
dent over Q. Then at least one of the siz numbers e*¥i where 1 <1 < 2,
1 < j <3 is transcendental.

Proof. Suppose that e®¥% € A forall 1 <j<2,1 <k <3, and let K
be a number field containing all of these numbers. Let r € N, a;; € Ok
for all 1 <14,j <r, and define

(47) F(z) = ZT: XT: az.je(mlﬂm)z

i=1 j=1

for a variable z € C. Let n € N and let kq, ko, k3 € N range between 1
and n. Then

3 r r
F (Z k:mym> = Z Z azj exp ((iz1 + ja2)(kiyr + kay + ksys)) -
m=1 i=1 j=1

Since each exp ((iz1 + jxa)(k1yr + kaya + k3ys)) is algebraic, setting
each

(48) F <i kmym) =0



MATH 195, SPRING 2015: LECTURE NOTES 63

yields a system of n® equations with algebraic coefficients in the r?
variables a;;. We want to apply Siegel’s Lemma to this system to
obtain a small-height solution vector; for this we need r?> > n3. Let D
be the common denominator of the six exponentials

{e"¥i 1 1<i<21<j<3},

then the common denominator of the coefficients of the system (48) is
bounded above by D% and heights of these coefficients are bounded
above by e“"™ for some constant ¢y. Now Theorem 10.3 guarantees
that (48) has a solution vector with coordinates a;; € O, not all zero,
such that

3

max H (a;;) < Bg(n®,r?) (Dﬁmecom)ﬂnfifﬁ .
0]

3/2

Then, choosing r = 8n°/*, we ensure that

1

(49) max H (a;;) < Brc(n?, 8n3/2) <D48"5/26800"0/2> ® < ecrn®?
27]

for some appropriately chosen constant ¢;. Then let a;; € Ok be a

solution to (48) with r = 8n®? satisfying (49), and let F(z) be as

in (47) for this choice of a;;’s. Notice that F'(z) is not identically zero,

since 1, x5 are linearly independent over Q. Also notice that the set

S = {kiy1 + kays + ksys : k1, ko, k3 € N}

is not discrete, since the numbers ¥y, y2,y3 are linearly independent
over Q. Since F(z) is not identically zero, it cannot vanish on a non-
discrete set, and hence there must exist elements of S on which F' is
not zero. Let

s =max{t € N: F(kyy; + koyo + k3y3) =0V 1 < k; < t}.
Clearly, s > n. Define
w = ky1 + kaya + ksys
with some k; = s+ 1 and all 1 < k; < s+ 1 be such that F(w) # 0.
Using (49), we can obtain an estimate on the height of F'(w):
H(F(w)) < 0(7)15/2+(5+1)r < Cfm

for some positive constants Cy, C;. Observe also that D+ F(w) is
an algebraic integer. Then, by (46) we have:

1< NK(D6T(S+1)F(,LU)) < H(Dﬁr(s+1)F(w))[K:Q}71|D6r(5+1)F<w)‘

Y

and so
(50) |F(w)| > D—Gr(s+1)[K:Q]H(F(w))—([K:Q]—l) > 02—35/27
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where (5 is another constant independent of s.
Our next goal will be to arrive at a contradiction with (50) by ob-
taining an incompatible estimate for |F'(w)| from above. Notice that

. I<hikoks<s N (K1yr + kaya + ksys)

The right hand side of the above identity is a holomorphic function
that has s3 factors in the product. Let R be a real number such that
lw| < R and

|z — (kyyr + k2ys + ksys)| > R/2

for all z on the circle of radius R. Applying the Maximum Modulus
Principle (specifically, Corollary B.2) to the right hand side of (51) on
the disk of radius R, we conclude that it assumes its maximum value
on the boundary, i.e. on the circle of radius R, and hence

|F(w)] < |F|r(Css/R),

for some constant Cj, where |F|g, the maximum of F'(z) on the circle
of radius R, can be estimated as follows:

5/2
|F|R S 0460171 +CQTRT2’

for some constants Cy, c¢o, and with ¢; as above. Taking R = s%/2,
recalling that r* = 64n3, and combining these inequalities yields:

3
C S
|F(w)| < 64n’Cyecrn™*+eaBna)? (7%) .
Since s > n, taking n large will cause a contradiction with (50), hence
completing the proof. O

APPENDIX A. SOME PROPERTIES OF ABELIAN GROUPS

Here we briefly discuss some properties of abelian groups, in par-
ticular outlining a proof of the fact that any subgroup of a finitely
generated abelian group is finitely generated. Throughout this section,
we will mostly deal with a finitely generated abelian group G, written
additively with O denoting the identity element and nax, for n € Z
and x € G, denoting the n-th power of the element x. A collection of
elements a1, ..., x; in an abelian group G is called linearly indepen-
dent if whenever

n1m1++nkmk20
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for some nq,...,n; € Z, then n; = --- = np = 0. A linearly inde-
pendent generating set for an abelian group G is called a basis. An
abelian group G is called free if it has a basis.

Exercise A.1. Suppose that G is a free abelian group. Prove that the
following property holds: whenever nx = 0 for somen € Z and x € G,
then either n =0 or x = 0.

The most common example of a finitely generated free abelian group
is the group

7F ={x = (x1,...,21) : x1,... 2 € Z}

under component-wise addition, where k € N. It is easy to notice that
the set of vectors ey, ..., ex, where e; = (0,...,0,1,0,...,0) € Z* with
1 in i-th position forms a basis for Z*: it is called the standard basis
for Z* and these vectors are called the standard basis vectors. In
fact, it turns out that Z* is the only example of a finitely generated
free abelian group, up to isomorphism.

Lemma A.1. Let G be a finitely generated free abelian group. Then
G 2 ZF for some k € N.

Proof. Let xq,...,x; be a basis for GG, then

k
G = {Zniazi:nl,...,nkEZ}.
i=1

Define a map ¢ : G — ZF, given by

k k
i=1 i=1
We leave it to the reader to check that this is a group isomorphism. [J

Exercise A.2. Suppose that 1 < k < m. Prove that ZF 2 7.

Corollary A.2. Let G be a finitely generated free abelian group. Then
every basis in G has the same cardinality. This common cardinality is

called the rank of G.

Proof. Let x4, ...,z and y4,...,y,, be two different bases for G. Then
by the argument in the proof of Lemma A.1, G = ZF and G = Z™.
Now Exercise A.2 implies that Z* % Z™ unless k = m. Recall from
Exercise 2.4 that isomorphism is an equivalence relation on groups.
Thus, since G = Z* and G = Z™, we must have Z* = Z™. Hence
k=m. O
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Fact A.3. Let H be a subgroup of a finitely generated free abelian group
G of rank k. The H 1is also free abelian of rank < k.

We do not present the proof of this fact here. A standard proof is along
the lines of linear algebra, using Smith normal form for matrices, which
constructs a basis for a subgroup starting with a basis for the group.

We now give some additional basic algebraic notation without proofs.
We refer the reader to [1] for details. If G is an abelian group and H is
a subgroup of GG, then a coset of H in GG is a set & + H where x € G.
The group G can be represented as a disjoint union of all cosets of H
in G. We write G/H for the set of such cosets, which is a group under
the operation of addition of cosets:

(x+H)+(y+H)=(x+y)+ H.

G/H is called the quotient group of G modulo H. The identity
element in this group is the trivial coset 0+ H = H = « + H for every
x € H, and inverse of y + H is —y + H for every y € G. The order
of G/H, i.e. its cardinality as a set (could be infinite) is called the
index of H in G, and denoted by |G : H|. Suppose that G and E are
two abelian groups and ¢ : G — E is a group homomorphism between
them. Recall that Ker(p) is a subgroup of G and ¢(G) is a subgroup
of E. The First Isomorphism Theorem states that

(52) G/ Ker(p) = ¢(G).

Finally, notice that a finitely generated group can only be isomorphic
to another finitely generated group. We are now ready for the main
result of this section.

Theorem A.4. Let G be a finitely generated abelian group, and let H
be a subgroup of G. Then H is finitely generated.

Proof. Let xy,...,x; be a generating set for GG, then every element
y € (G is expressible as
k
Y= Z n;x;
i=1

for some nq,...,n, € Z. Define a map ¢ : Z¥ — G, given by

k k
=1 =1

We leave it to the reader to check that this is a group homomorphism.
Let K = Ker(p), then K is a subgroup of Z*, hence it is free abelian of
rank ¢ < k. Now H be a subgroup of G, then there exists a subgroup
M of ZF such that ¢(M) = H; in other words, M is the pre-image
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of H in Z* under ¢. Then M is also free abelian of rank m < k.
Furthermore, M contains K: indeed, for every & € K, ¢(x) =0 € H,
hence & € M. Therefore ¢ < m, and by (52),

H=~M/K,

hence we only need to show that M/K is finitely generated.

By Lemma A.1 we know that M = Z™ and K = Z‘. By viewing
vectors in Z‘ as m-tuples with last m — ¢ coordinates equal to 0, we
can think of Z being contained in Z™. Hence we only need to show
that Z™ /7' is finitely generated. If m = ¢, then Z™ = Z‘ and so
Z™)7* = {0}, the trivial group. Then assume that m > ¢. Considering
the standard basis ey, ..., e, for Z™, we can view eq,...,€e; as the
standard basis for Z‘ under its embedding into Z™. Then Z™/Z* is
isomorphic to Z™~* via the map sending an element Yo onie; + 7t
in Zm/7ZF to Y0, nie; in Z™C (this is easily checked to be a
group isomorphism). Now, Z™~¢ is finitely generated, and hence we
are done. O

APPENDIX B. MAXIMUM MODULUS PRINCIPLE AND
FUNDAMENTAL THEOREM OF ALGEBRA

Our main goal here is to prove the Fundamental Theorem of Algebra.
For this, we will use the Maximum Modulus Principle. We first need
some basic notation from complex analysis. A region in C is a subset
R of C, which is open and connected. A function f(z) on a region R
is called analytic if for any zg € R,

f(Z) = Zan(z - zo)n’

where a, € C for every n > 0 and the series is convergent to f(z)
in an an open neighborhood of zy. It is a well-known fact that every
holomorphic (i.e., complex-differentiable) function is analytic, and vice
versa.

Theorem B.1 (Maximum Modulus Principle). Suppose f(z) is a non-
constant analytic function in a region R. Then the real-valued function
|f(2)| does not attain its mazimum in R. In other words, if for some
20 € R, |f(2)] < |f(20)| for all points z € R, then f(z) is constant
on R.

A proof of this theorem can be found in any book on complex analy-
sis, for instance [5]. Here is an immediate consequence of Theorem B.1,
which is very useful in applications.
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Corollary B.2. Let
D, ={ze€C:|z|<r}

|z
be the closed disk of radius r and let f(z) be a continuous function on
D,., which is analytic on the open disk

Dl ={z€C:|z| <r}.
Then f(z) assumes its mazimum value on D, on its boundary
0D, ={z€C:|z|=r}=D,\ D;.

Proof. Since f(z) is continuous and D, is closed and bounded, f(z)
must have a maximum on D,. On the other hand, since the open disk
D¢ is a region in C, by Theorem B.1 f(z) cannot have a maximum on
Dy. Thus it must be assumed on the boundary. O

We will now derive an important consequence of this fundamental
principle.

Theorem B.3 (Fundamental Theorem of Algebra, stated as Theo-
rem 1.1 above). Any polynomial p(x) € Clz] of degree n has precisely
n roots in C, counted with multiplicity. In other words, the field of
complex numbers C is algebraically closed.

Proof. Notice that it is sufficient to prove that any polynomial p(z) of
degree n > 1 has at least one root in C. Suppose not, say p(z) € Clz]
of degree n > 1 has no complex roots. This means that 1/p(z) is an
analytic (holomorphic) function. Notice that 1/p(z) tends to zero as
|z| tends to infinity. This means that for any o € C there exists an

r € R such that

1/lp(x)| < 1/[p(a)]
for all z € C with || > r. Now pick r large enough so that |a| < r, and
let D, be the closed disk of radius r, as in Corollary B.2 above. Then
a € D, and, since 1/|p(x)| is continuous, it assumes its maximum on

D,., specifically on its boundary, by Corollary B.2. Then there exists
B € 0D, such that

1/lp(x)] < 1/|p(B)| ¥ = € D.

Now pick ¢t > r and Dy be the open disk of radius ¢. Then D, C Dy,
and for all x € DY\ D,,

1lp(2)| < 1/|p(e)] < 1/|p(B)].

Hence 1/|p(z)| assumes its maximum on DY at x = . Since 1/p(x) is
not a constant function (degree of p(z) is > 0) and Dy is a region (it is
open and connected), this violates the Maximum Modulus Principle.
Hence p(z) must have a zero in C. O
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